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Abstract. 

We study the dynamics of meromorphic maps for a compact Kahler manifold X. 
More precisely, we give a simple criterion that allows us to produce a measure of 
maximal entropy. We can apply this result to bound the Lyapunov exponents. 

Then, we study the particular case of a family of generic birational maps of P k 
for which we construct the Green currents and the equilibrium measure. We use 
for that the theory of super-potentials. We show that the measure is mixing and 
gives no mass to pluripolar sets. Using the criterion we get that the measure is of 
maximal entropy. It implies finally that the measure is hyperbolic. 
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Chapter 1 
Introduction 



Complex dynamics in several variables and more precisely the iteration of poly- 
nomial maps have received much attention in the last twenty years. This can be 
explained because of the links with real dynamics (especially for Henon maps) 
and also because of the possibility to use powerful methods from several complex 
variables. 

Let Pi, . . . , Pfc be polynomials in k complex variables and let / = (Pi, . . . , Pfc) 
be the associated polynomial map in C fc . The issue is to study the behavior of the 
sequence of iterations f n . As such, it is often easier to consider the dynamics in 
F k instead of C k . So we study the dynamics of rational maps / in P fc and more 
generally the dynamics of dominating meromorphic maps in a compact Kahler 
manifold X (recall that a map is dominating if its image contains an open set). 
The "classical" program is to construct an invariant measure that will describe 
the chaotic part of the dynamics. Then one tries to prove the basic properties 
of the measure: ergodicity or even mixing, computation of the entropy (with the 
question: is the measure of maximal entropy?) and estimation of the Lyapunov 
exponents (or simply a bound). Essentially, one want to prove that the measure 
of maximal entropy is hyperbolic. 

In dimension 1, a classical tool is Montel theorem: a family of maps from the 
unit disk D C C to P 1 minus three points is normal. There are no such simple 
results in higher dimension so one need to use other techniques. For endomor- 
phisms of P fc , the measure was defined by Fornsess and Sibony in [36], [371 [38] 
using pluripotential theory. They introduced a positive closed current of bidegree 
(1,1) called the Green current which carries informations on the dynamics of /, 
especially on its chaotic behavior (see also [51]). Then the measure is defined as 
a Monge-Ampere of the Green current and the authors show that it is mixing. 
Briend and Duval gave a bound of the Lyapunov exponents and showed that the 
measure is hyperbolic (see [SJ EJ 
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Pluripotential has also been used for Henon maps. Sibony defined the Green 
current for Henon maps and then the equilibrium measure as an intersection of the 
Green currents. Using pluripotential theory, Bedford, Lyubich and Smillie proved 
numerous properties of the currents and measures in a series of articles (see in 
particular 0, El [4]), see also the results of Fornsess and Sibony in [35] . 

In order to define the currents and the measures, one has to deal with some 
dynamical degrees d\, . . . , df. (see for example [49]). Roughly speaking, the degree 
di measures the asymptotic spectral radius of the action of / on the cohomology 
group H l,l (X). The last degree dk is the topological degree. It can be shown that 
the sequence of degrees is increasing up to a rank s and then it is decreasing. 
When several dynamical degrees are equal, complications might happen and the 
program fails (see [12] )■ So the study takes place when there is a dynamical degree 
d s strictly larger than the others. When s = k, namely the topological degree is 
the largest dynamical degree, one can construct and study the measure directly 
(see [43], [23]). The other cases are harder and one has often to make additional 
hypotheses. 

Another complication appears with indeterminacy sets in particular the second 
indeterminacy set: 

I' := {z, dim(r 1 (^)) > 1}. 

This set is of codimension > 2 thus is of mass zero for a positive closed currents 
of bidegree (1,1). The presence of those indeterminacy sets implies difficulties to 
define pull-back, push-forward and intersections of currents and measures. So here 
again, one has to make some hypothesis on the indeterminacy sets to define those 
operations. Finally, when s > 1, one has to deal with currents of bidegree (s,s): 
the potentials of those currents are no longer quasi-plurisubharmonic functions but 
forms that can be singular. Consequently, very little has been done in the study 
of meromorphic maps in dimension k > 2 for which the largest dynamical degree 
is not the topological degree. 

On the other hand, the abstract theory of dynamical systems and especially 
non uniformly hyperbolic dynamical systems is very developed with the work of 
Yomdim, Pesin, Katok and others ([45]). Assuming the existence of an invariant 
measure, one can define the (metric) entropy of the measure which describes how 
chaotic the dynamics is. When the map is continuous, the variational principle 
implies that the topological entropy of the map is given by the supremum of the 
entropies for all the invariant measures. Moreover, when one has a hyperbolic 
measure, the Oseledec-Pesin's theory permits to construct stable and unstable 
manifolds associated to non zero Lyapunov exponents and we have uniform esti- 
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mates outside sets of small measure. 

This describes fairly well the dynamics of the application. In a way, such be- 
havior is expected to be generic. A central and difficult problem in dynamics is to 
construct examples of hyperbolic invariant measures. In the complex case, this can 
be done for holomorphic maps (see also polynomial-like maps [23] and horizontal- 
like maps [22]). So there is a need for dynamical models which admits a hyperbolic 
measure. 

The purpose of this study is to answer the two above questions: getting results 
on the dynamics of meromorphic maps in general and giving classes of examples 
where one can prove the hyperbolicity of an invariant measure. More precisely, in 
a first part (Chapter [2]) , we give a criterion that allows us to produce invariant 
measure of maximal entropy for a meromorphic map of a compact Kahler mani- 
fold X. This can then be applied to bound the Lyapunov exponents. In a second 
part (Chapter [3|) , we study the more precise case of a generic family of birational 
maps of P fc for which we construct the equilibrium measure. We show that it is 
mixing and using the results of the first part we show that it is of maximal en- 
tropy. We deduce finally the hyperbolicity of the measure. Let us detail our results. 

When / : X — > X is a smooth map on a smooth Riemannian manifold X, it 
is known since the work of Yomdin (see [55] and [39]) and Newhouse (see [48] ) 
that / admits an ergodic measure of maximal entropy. If / is a Henon map of 
C 2 , E. Bedford and J. Smillie have shown in [I] that the Green measure of / is of 
maximal entropy. Their proof is based on Yomdin's theorem (see [55]) and also on 
the proof of the variational principle. This approach has been used several times 
since then in dynamics in order to bound from below the entropy of measures (e.g. 
[4*T] . [T2] and [33]). In all these cases, one can use Yomdin's theorem because the 
application / is either holomorphic or when it is meromorphic everything takes 
place in a stable open set where / is holomorphic. 

The purpose of the first part is to quantify Bedford and Smillie's approach. We 
detail the setting first. 

Let (X, uj) be a compact Kahler manifold of dimension k and let / be a dom- 
inating meromorphic map. We denote by I the indeterminacy set of / and for 
I = ... k, we write: 




The /-th dynamical degree of / is defined by (see [49] and [24]): 



d l := lim (W n )) 1/n . 

n— >+oo 
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Now, we consider the sequence of measures: 

n-1 



i=0 

It is a well defined sequence of probability measures (see Section I2TT1) . Remark that 
in the cases where we know how to construct a measure of maximal entropy fi, the 
measure \i is the limit of \i n with I = s where d s is the largest dynamical degree 
(see [4j for Henon maps, [51] for regular automorphisms of C fc , . . . ). In fact, it is 
likely that in the case where d s is strictly larger than the other dynamical degrees 
then {jjL n ) will always converge to the measure of maximal entropy (see also [42]). 

In Chapter El we do not assume that one of the dynamical degree is larger 
than the others. We suppose that there exists a subsequence /^(n) of /i n which 
converges to a measure /i with: 

(H) : lim / logd(a;, I)djiM n )(x) = \ \ogd(x, I)d[i(x) > — oo. 

n^+ooj J 

Here d is a distance in X and / is the indeterminacy set of /. When / = 0, we 
define d(x, I) := 1 for all x G X. 

The hypothesis allows us to measure the way that the orbits get near /. Then, 
using a quantitative version of Yomdin's theorem and of the variational principle, 
we obtain a bound for the entropy: 

Theorem 1 If the Hypothesis (H) is satisfied, then fi is an invariant measure of 
metric entropy greater or equal to log d\. 

This result is interesting even in the holomorphic case. Indeed, in that situation / 
is empty so (H) is satisfied. So we have measures of maximal entropy: we just take 
the sequence \i n with / = s where d s is the highest dynamical degree and we take 
a cluster value. Indeed, we always have the bound from above of the entropy by 
logd s (see [26] for the projective case and [21] for the Kahler case). More generally, 
if we can prove the convergence of the sequence jj, n with the hypothesis (H) with 
/ = s where d s is the highest dynamical degree, we obtain for the same reason 
explicit measures of maximal entropy \ogd s . 

Remark that the criterion can be extended to the case where (X, uj) is a compact 
hermitian manifold. In that case, we do not know if the limit: 

4 := lim (A ; (D) 1/n 

n— >+oo 

exists, but it is sufficient to replace di by limsup n 

(^(fM™))) 1 /^™) i n the theorem. 
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Under an additional hypothesis on the integrability of log d(x,C) where C is 
the critical set and when d s is strictly larger than the other dynamical degrees we 
can use a result of the first author to give a bound on the Lyapunov exponents 
[T3] which implies the hyperbolicity of the measure. 

In Chapter [3l we study the dynamics of birational maps of P fc , that is maps 
that are meromorphic and biholomorphic outside some analytic set. The study 
of birational maps started with in P 2 with the dynamics of Henon maps. For 
such a map / of algebraic degree d, Sibony introduced the Green current T + as 
T+ = ]im n ^ 00 dr n (f n )*(u) (here to is the Fubini-Study form on P 2 ). The limit 
exists and for the same reasons we can consider the current T~ associated to 
Sibony's strategy is then to consider the measure // := T + AT" (well defined) and 
to prove the ergodic properties of the measure (mixing, entropy, ...). This has 
been done for polynomial automorphisms of C 2 by Bedford, Smillie and Lyubich 
([H El E]) and also Fornaess and Sibony in [35]. This strategy has been used for 
different families of birational maps of surfaces (see for example [15] and [19j). 
Each time, the properties of the potential of those currents play a big role to prove 
the existence of measures. 

Sibony worked out these properties in the case of regular automorphisms of 
C fe ([EE], [44] and also [41]). Sibony and Dinh extended these results to the case 
of regular birational maps in P fc in |25| . One can also study the dynamics of 
automorphism of compact Kahler manifolds (see [8], [33j). 

In all the above works, the indeterminacy sets of / and f~ l are either empty (for 
automorphisms of compact Kahler manifold) or are disjoint from the support of 
the equilibrium measure. Roughly speaking, the cases considered by these authors 
satisfy the condition: 



where I + is the indeterminacy set of / and I is the indeterminacy set of / 1 . 

Another approach in the case of surfaces, initiated by Bedford and Diller in [TJ, 
is to take a weaker, quantitative version of the above, namely: 



Using that hypothesis, the authors define the equilibrium measure and show that 
the potential of the Green current is integrable for the measure. They proved that 
the measure is mixing and hyperbolic. Using laminar currents, Dujardin computed 
the entropy and showed that the measure is of maximal entropy [34]. Diller and 



U /-»/+ n |J /«/(/-) = 



n>0 n>0 
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Guedj extended those results to a more general case in [20]. Note also the exten- 
sion to the case of meromorphic maps of a surface in the recent articles [16], [17] . 



Here we explore both directions. We consider birational maps of F k (k > 2) 
and we authorize the indeterminacy sets to get close to each others. Namely, let 
/ : P fc — ► F k be a birational map of algebraic degree d and let 5 be the algebraic 
degree of f" 1 . We assume that dim(/ + ) = k — s — 1 and dim(/~) = s — 1; in this 
case, we have that the largest dynamical degree of / is cf+ = d s and the largest 
dynamical degree of / _1 is d^_ s = 5 k ~ s = d s . We assume that: 



In fact, we will assume a weaker hypothesis (which is equivalent to the previous 
one only in dimension 2) . The interest of the family of maps that we consider is 
that they are generic (see Theorem 13.2. 15[ ) . 

Under that condition, we construct the Green current T+ of order s of /. 
Similarly, we define the Green current TjT_ s of order k — s. More precisely, we have 
(see Theorems l3~2~2l I3T3I and 13.2.141) : 

Theorem 2 Let f be a birational map as above, then the sequence (d~ s f*) n (u s ) 
is well defined and converges in the sense of currents to a positive closed current 
T s + of bidegree (s, s) and of mass 1. 

The current T s + satisfies /*(T S + ) = d s T^ and is extremal in the set of positive 
closed currents. 

We prove some equidistribution results on the currents. Then we consider the 
intersection T^/\T^_ S and we prove (Theorem l3.3.1l Proposition l3.3.4l and Theorem 



Theorem 3 The wedge-product fi := T s + A T^_ s is a well-defined invariant proba- 
bility measure for which the potential of the Green current of order 1 is integrable. 
The measure /i is mixing for f . 

Using a space of test functions introduced by Dinh and Sibony in [29] and studied 
by the second author [53], we prove that the measure gives no mass to pluripolar 
sets. In particular, the measure gives no mass to analytic subsets. 

Then we use the results of Chapter [2] to prove that (Theorem 13.3.191 and The- 



[18]. 




and 




n>0 



13.3.151) : 



orem 13.3.201 ): 
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Theorem 4 The measure \i is of maximal entropy log d s and is hyperbolic. 

In order to prove the convergences, we deal directly with positive closed currents of 
bidegree (s, s). The potentials U of a positive closed current S of bidegree (s, s) are 
no longer quasi-plurisubharmonic (qpsh for short) functions but currents satisfying 
dd c U + lj s = S. Two such potentials U and U' differ by a dd c closed current. Such 
object can be singular. So we use the new theory of super-potentials introduced 
by Dinh and Sibony [32] (and also [33] for the Kahler case). It provides a calculus 
on (s, s) positive closed currents. 

The idea is to consider super-potentials U of S not as a form of bidegree (s — 
1, s — 1) but as a function on positive closed currents of bidegree (k—s+1, k — s+1). 
Super-potentials can be seen as qpsh functions on the set of positive closed currents 
of bidegree (k — s + 1, k — s + 1) and they inherit the properties of qpsh functions. 

We sum up the properties of super-potentials that we used in an appendix. 

The two parts are fairly independent as we only use the results of Chapter [2] 
at the end of Chapter [31 So they can be read in any order. 
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Chapter 2 

Entropy of meromorphic maps 



2.1 Push-forward of measures by meromorphic maps 

Let (X,u) be a compact Kahler manifold of dimension k. We assume that the 
diameter of X is less than 1. Let / be a dominating meromorphic map and let / 
be the indeterminacy set of /. Recall that for I — ... k, we write: 



We start by recalling how to define the push-forward by / of a measure that 
gives no mass to I. In all this text, a measure will be a finite positive Radon 
measure. 

Let v be such a measure. On X \ I, f is a measurable map. So we can define 
f*v by the formula: 



for all tp G L 1 (f*v) . It is implicitly assumed that the integral is on X \ I. The 
equality follows from the approximation of function in L 1 by characteristic func- 
tions. 

The operator /* has the good property of continuity. Indeed, we have: 

Lemma 2.1.1 Let v n be a sequence of measures that give no mass to I . Then if 
(u n ) converges to v and v{I) = then (f*(v n )) converges to f*v. 




(M(A) := v{{x EX\I with f(x) e A}) 



u(r\A)n(x\i)). 



When a measure v gives no mass to the indeterminacy set, we have: 
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Proof. Of course, the mass of v n converges to the mass of v. Now, let (p be a 
continuous function and let < Xe < 1 be a smooth function equal to in an 
e-neighborhood I £ of / and equal to 1 outside a 2e-neighborhood 1^ of /. Then, 
we have: 

J ipd(f*v n ) = J L P° fdv n = J (I- Xe)¥ o fdv n + J XeV ° fdv n . 

The first term is bounded in absolute value by ||<^||oo^n(^2e) which can be taken 
arbitrarily small by taking e small then n large (because v gives no mass to I). 
The second term converges to f XeV ° fdv since XeV ° / is a continuous function. 
Finally, if e is small enough, f XeV ° fdv is as close as we want from J <p o fdv 
since v gives no mass to /. □ 

In this section, we consider in particular the push-forward of the measures 

(f n )*uj l Au k - 1 



v n : = 



The v n are well defined probability measures. Indeed, (f n )*u l is a form with 
coefficients in L 1 so it gives no mass to analytic sets of dimension < k. This 
implies that 

(f n )*u l Au k - 1 

is a probability that gives no mass to U ie N/ _i (J) (because / is dominating). So we 
can push-forward this probability by f % and we get again a probability. We also 
make the observation: 

Mf n ) ~ [ U Mf n ) ' 

since — — P u ts no mass on analytic sets of dimension < k. In particu- 
lar, we can write f\v n or (/ l )*z/„, it is the same. 

We also have the notion of invariance. Namely, a measure \i that gives no mass 
to / is invariant (or /^.-invariant) if f*(/i) = (J,. One has the following easy lemma: 



Lemma 2.1.2 Let n be a measure that gives no mass to I. Then the following 
properties are equivalent: 



• H is invariant. 
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for any ip in L 1 (/i) (with the same abuse of notation for the left-hand side integral 
that we will do in the whole section). 

We give now some properties of meromorphic maps that will be useful in the 
proof of Theorem CD First recall that we denote: 



We have seen that it is a well defined sequence of probabilities. Since / est domi- 
nating, these measures give no mass to analytic sets of dimension < k. 

We need an invariant measure to consider the metric entropy. So we will need 
the following lemma: 

Lemma 2.1.3 If (/U^( n )) converges to a measure \x that gives no mass to I, then 
H is j ^-invariant. 

Proof. To simplify the notations, assume that (ji n ) converges to fi. 

We can write = fi n + a n with a n going to zero. Using Lemma [2.1.11 

/*(A*n) converges to /*// and the lemma follows. □ 

Now, since we have an invariant probability measure that gives no mass to /, 
its mass is 1 on Q = X \ \J ie ^f~' l (I). Since /(fi) C f2, we can define the metric 
entropy of \x using partitions (see [12] and |4oJ). 

We recall the following estimate that we use later: 

Lemma 2.1.4 (see [21] Lemma 2.1) 
There exist constants K and p such that: 



• For any continuous function ip, we have: 




where the left-hand side integral is taken over X \ I. 



When these properties are true, we even have: 





\\Df{x)\\ <Kd(x,I)- p . 
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2.2 Yomdin's theorem 

In this paragraph, we recall some facts on Yomdin's theorem (see [55]) using Gro- 
mov's version (see [39]). 

Let I be an integer between 1 and 2k. If Y is a subset of C fc (for example a 
submanifold of real dimension /), we call C r -size (with r G N*) of Y, the lower 
bound of the numbers t > for which there exists a C r -map of the unit /-cube into 
C fc , h : [0, 1]' i — * C k , with Y C /i([0, 1]') and \\D r h\\ < t. Here D r h is the vector of 
the partial derivatives of h of order 1, . . . ,r. The norm refers to supremum over 
x G [0,1]': 

||-D r /i|| = sup ||.D r /i(a;)|| 

X 

We make some comments on C r -size first. 

First, the C 1 -size bounds the (real) /-dimensional volume of Y and its diameter. 
More precisely 

C 1 — size of Y > max((l-dimensional volume (Y)) 1 ' 1 , / _1 ^ 2 Diameter(y)). 

A process that we will use in what follows is the division of a set of C r -size. If Y is 
a set of C r -size smaller than t, we can divide Y in j l pieces of C r -size smaller than 
t/j. For that it is sufficient to divide the /-cube [0, l} 1 in j l equal pieces and then 
to scale: for example R : [0, 1]' h- > [0, j -1 ]' and similarly for the j l — 1 other cubes. 
The composition of h : [0, l] z i — ^ <C fc which covers Y with the scaling R satisfies 
\\D r {h o R) || < t/j and the union of the images of these j l maps covers Y. 

Here is now the principal result of Gromov-Yomdin that we will need (see 
Lemma 3.4 in |39j). 

Theorem 2.2.1 (|39j) Let Y be an arbitrary subset in the graph r s C [0, if x C fc 

of a C T -map g : [0, 1]' i— > C fc and take some positive number e < 1. Then Y can be 
divided into N < C(k,l,r)e~ l (l+\\d r g\\) l / r sets ofC r -size< C(k,l,r)eDiameter(Y), 
where d r g denotes the vector of the partial derivatives of g of order exactly r and 
C(k,l,r) is a universal constant. 

Here is the application of the above theorem that we will use: it is a small variation 
of Corollary 3.5 in [39j. 

Proposition 2.2.2 Let V be an open set of C k and f : V — > C k a map of class 
C r . Let Y C V be a set of C r -size smaller than 1 such that d(Y ,dV) > \fl. 
Then the intersection of f(Y ) with a ball of C k of radius (3 can be divided into 
( \\d f\\\ l / r 

N < C(k,l,r) (1 + 11 1 11 ) pieces of C r -size less than (3. 



2.3. PROOF OF THEOREMS 
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Proof. We want to divide f(Y ) n B(a,/3) into pieces of C r -size < (3. If H(a, 1//3) 
denotes the homothety of center a and ratio 1/(3 in C fc , it is equivalent to divide 

H(a, l/P){f{Y ) n B(a, (3)) = H(a, l/P)(f(Y )) n B(a, 1) 

into sets of C r -size less than 1. 

By hypothesis, there exists a map h : [0, l} 1 — > C fe of class C r with ||-D r /i|| < 1 
and Y C fo([0, 1]'). Define g := if (a, 1/ (3) o f o h. By the chain rule, we have 

II n II ^ ^ v^> ^ r ) n n f II 
||A-#|| < ~p \\Drf\V 

We apply now the previous theorem to Y the graph of g intersected with [0, 1]' x 
B(a, 1). So we have that we can cover Y by a number: 

N < C(k, l,r)(l+ ^ ( V ,r) II A-/U V A < C(k, l,r)(l + 



P " "7 - — V (3 J 

sets of C r -size < 1 (changing the constant C(k,l,r) if necessary). Since the image 
of Y by the projection [0,1]' x C k ^ C k covers H(a,l/P)(f(Y )) n B(a,l), the 
proposition follows. □ 

2.3 Proof of Theorem ffl 

The hypothesis we made assure us that there exists a subsequence (/^(n)) which 
converges to a measure fi with: 

(if) : lim / logdfx, I)dfiM n )(x) = / log d(x, I)dii{x) > — oo. 

n^+coj J 

In order to clarify the exposition, we shall write -0(n) = n . 

When s(x) is a function defined on X with values in IR + , we define (see |47j): 

B(z, s, n, f ) := {y, d(f(x), f\y)) < s(f(x)) for i G [0, n - 1]} . 

We shall use these dynamical balls with for s(x) the function or rj(x) where : 

'd(xj) x •■■ x d(/ m - 1 (x),/)V 



p(x) 



(here iT and p are defined at the end of Section 12.11 and m G N will be chosen 
later) and: 

'd(x,I)^ p 



r}(x) x ^ 
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When / is holomorphic (i.e. I = 0), take d(x,I) := 1 and p = 2 in these 
expressions. 

If n G N is fixed, by the Euclidean algorithm, we write n = <f)(n)m + r(n) with 
< r(n) < m. In what follows, we will consider the following dynamical balls: 

B n (x) := B(x, p, <p(n), f m ) H f-<K")™+™ ( B (f^™'™ (x) , V , r(n) + m, /)). 

Here is the plan of the proof. As in the article of Bedford and Smillie (see 
[4]), it is based in one hand on Yomdin's theorem and in the other hand on the 
proof of the variational principle. Of course, we have to quantify precisely those 
two parts because of the presence of the indeterminacy set. More precisely, in a 
first section we show that there are "a lot" of dynamical balls. Indeed, thanks to 
a quantification of Yomdim's theorem, we bound from above: 

I fn\* .1 a .k—l 

* n {Bn(x)) := U \ i{fn) (B n (x)) 

by d^ n for generic points of v n (that we call good points). In a second section, we 
show that the presence of these df dynamical balls allows us to bound from below 
the entropy of the measure \i. We use for that ideas that lie in the proof of the 
variational principle. 

2.3.1 Upper bound of v n (B n {x)) 

We give some notations first. First of all we can put on X a family of chart (r x ) x£ x 
such that r x (0) = x, r x is defined on B(0,e ) C C k with e > independent of 
x and such that the norm of the derivatives of order 1 of the r x is bounded from 
above by a constant independent of x. These charts are obtained from a finite 
family (Ui,ipi) of charts of X by composing them with translations. In C fc , we 
also consider 7Ti, . . . , ir , the projections from C k onto the vectorial subspaces of 
dimension k — l. In what follows, the choice of these coordinates is supposed to be 
generic and (3j denotes the standard volume form on iTj(C k ). 

Fix x G X and: 

n-.= (t*)*(7t 1 */3 1 + ••• + <&). 

We want to compute : 

Taking K large enough, we can assume that B n (x) C t x (B(0, e )) so the previous 
quantity is less than: 

Mr) j^J JB n (x)nr x (Y 3 (t)) Mr) 
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where Yj(t) is equal to ir7 (t) for t in the j-th subspace of dimension k — I and dt 
stands for the Lebesgue measure on that space (we used Fubini theorem: see [9] 
p. 334). Remark that t lives in a ball B(0, e ). 

So we have a upper bound of u n (B n (x)) by: 



E / / Jdt 

j=1 J J r^B n (x)nr x {Y 3 {i))) 



To control this integral, we have to bound from above the 2Z-dimensional volume 
of f n (B n (x) fl T x (Yj(t))) for some good points x of v n . In order to do that, we 
explain first what are these good points for v n then we will bound the volume 
using Yomdin's approach and finally we will finish the bound of u n (B n (x)). 

Good points for the measure v n 



In what follows, we consider a constant L > and an integer n such that: 

for n>n . The existence of these constants follows easily from Hypothesis (H). 



/ 



Let S > 0. Our goal is to show that the entropy of \i is greater than logdj — 8. 
We choose a constant C large enough (1/C 8). 

We are going to show that Hypothesis (H) implies that the orbits of generic 

points of the measure v n = v x t (f n ) — are no ^ c l° se to the indeterminacy set I. 
They are going to be the good points. 

Lemma 2.3.1 For n > n^, there exists a set A n of v n -measure greater or equal to 
1 — Cq 1 whose points x G A n satisfy: 

Yl d{f i {x),I)>e- CoLn . 
ie[0,n-l] 

Proof. We have 

^/ lo s( II d(f\x)J)\du n (x) = ^Jj2hgd(r(x) J I)du n (x). 



ie[0,n-l] / «=0 
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Since //„ = \ YTi=l{P)* v n- 

(x) = I log d(x, I)dfi n (x). 



i /"log I J] d{f{x),I) ) di/„ 



Thanks to our hypothesis, this last integral is > —L. 

Now, if we denote h(x) = \ log (rLe[o,n-i] d{F{ x )> -0) and ^« := i x -> K x ) > 
— CqL}, we have: 



h(x)du n (x) + / h(x)du n (x) > —L. 

A n J X\A„ 

But h{x)dv n {x) < and h(x)di / n (x) < — C Lz/„(X \ A n ). 

This implies that v n (X \ A n ) < I/Cq. 

The set A n is indeed of measure > 1 — Cq" 1 and if x G A n then: 

ie[0,n-l] 

which is what we wanted. □ 

The orbit of points in A n are not too close to /. These are the good points for 
the measure v n . 

We now prove the upper bound of the volume. 

Upper bound for the volume of f n (B n (x) fl r x (Yj(t))) for x G A n 

Let Y denote one of the T x (Yj(t)) (where Yj(t) is the fiber of iij with t in the j-th 
subspace of dimension k — I). Our aim is to prove: 

Proposition 2.3.2 The 21 -dimensional volume of f n (Y fl B n {x)) is less or equal 
to: 

C(X,/,r)"/ m+2m x^ + ^ x J] d{f{x),I)^. 

0<«<n-l 

Here C(X, I, r) is a constant that depends only on X , of the complex dimension I 
of Yq and the regularity r that we chose. The constants K = K(f) and p = p(f) 
are those of paragraph s. 1[ 

Observe that the upper bound does not depend on the fiber Yj(t) that we consider. 

Before proving the proposition, we give the upper bound of the 2/-dimensional 
volume of f n (B n (x) fl r x (Yj(t))) that follows from the proposition. 
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Recall that we fixed 8 and C . Now, let r be such that - log if < 5 and < 5. 
Then, we choose m so that ^ \og(C(X, I, r)) < 5 where C(X,l,r) is the constant 
from the previous proposition. Reformulating the previous proposition we have 
that the 2/-dimensional volume of f n (Y fl B n (x)) is bounded by: 

C(X,l,r,m,p,K)e 5n x e 25npl x [ J d(f\x),I)^. 

0<i<n-l 

Finally, if x is in A n (i.e. if x is a good point for the measure z/ n ), the 2/-dimensional 
volume of f n (Y fl B n (x)) is bounded from above by (see Lemma [2.3. II) : 

if n is large (independently of x <G ^4 n ). 

It is this upper bound that we use now to finish the upper bound of z/ n (5„(x)) 
for x G A n . 



End of the proof of the upper bound of u n (B n (x)) for x & A n 
Recall that we have bounded z/ n (5 n (a;)) by: 

C(X) 



hu ; E/ / 

Now, if x G A n , we get: 



^(/ r V — J J f n (B n (x)r\T x (Yj(t))) 



u n (B n (x)) < 



gl05rapi 



Mf n V 

for n large enough. The a n large enough" does not depend on x G A n . This 
quantity is approximately dj n and it stands for x <E A n which is a set of measure 
> 1 — ^ for v n . This is the upper bound that we wanted and it will allow us to 
bound the entropy of /i. 

It remains to prove Proposition l2.3.2[ which is the purpose of rest of this section. 

Proof of Proposition |2JL2] 

Consider g = f a an iterate of / and let x G X. We define g x = t~,s o g o r x . 
We also define g x , a (x) — h(0, ^y) o g x o h(0, s(x)) where h(0, t) is the homothety of 
center and ratio t in C k . Here, s(x) is defined by: 

8{X) = S a (x) = I — 
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We will consider later the particular cases a = 1 (i.e. s(x) = rj(x)) and a = m (i.e. 
s(x) = p{x)). 

In what follows, we are going to consider C r -sizes associated to 21 (i.e. sets 
that will be cover by some h([0, l] 21 ) with h e C r ). 
First, we prove the following lemma by induction: 

Lemma 2.3.3 Let Z be a set of complex dimension I such that the C T -size of 
t~ 1 {Zq^B{x,s{x))) is < s(x). 

Then, for j > 1, we can cover g j ~ 1 (Z fl B(x, s,j,g)) by a union of Nj sets Z 
for which the C '-size of r gj 1 _ 1 ^(Z) is < s(g^~ 1 (x)) and Nj is bounded from above 
by : 

CW.r)'- 1 J] s (9 z (x)r 2l/r - 

0<i<j-l 

Here B(x, s,j, g) is the dynamical ball: 

B(x,s,j,g) = {y, d(g l (x),g l (y)) < s(g l (x)) pour i G [0, j - 1]}. 

Proof. For j — 1, the lemma stands by hypothesis. 

Assume now that the induction assumption stands for j — 1. 
Observe that: 

<r x (Zo n B(x, s,j, g)) = g(g^ 2 (Z n B(x, s,j - 1, g))) n Btf~\x), s{g^\x))). 

Let Z be one of the Nj-\ sets whose union covers gi~ 2 (Z fl B(x,s,j — l,g))- 
The C r -size of t~_ 2 ,AZ) is < s(g'j~ 2 (x)) by the induction assumption. To prove 
the lemma, we bound from above the numbers of sets Y which cover g(Z) fl 
B(gj- 1 (x) 1 s(g^- 1 {x))) for which the C r -size of t^l 1{x) (Y) is < s^-^x)). 

We consider Z = h(0, 1/ s(g^ 2 (x))) o t'I^JZ). The C r -size of Z is < 
s{g^ 2 {x)) x s( - g j-2( x )) = 1- Furthermore, since Z is in the ball B(gi~ 2 (x), s(gi~ 2 (x))) 
(else we only consider the part of Z that is in the ball and we still denote it Z), 
Z is in the ball B(0, C(X)) (where C(X) is a constant that depends only on X). 
Using Proposition of Section [2721 with / = ggj-^fxYsCgi-^ix)) an d Y = Z we get 
that we can cover g g j-2 ix)MgJ -2 {x)) (Z) n B(0,fi) (we take (3 = C(Z) ^{g_ 2 Hj ) by 



»C»*- 2 (*)). 

C(X,Z,r) 



|-Drfl , gJ- 2 (a;),s(ffJ- 2 (a;))| 





;he 

5(0, C(X) + v 7 ^)- The images Y of the F by T gj -i {x) o /i(0, s(^'- 2 (x))) cover 

v-k*) o M > s (^~ 2 (s)))(^- a (*),«(^- 2 (*))(^ n5(o,^)) 

= <?(Z) n o fc(0, s(<r 2 (a;)))(fl(0, (3)) 



sets K of C r -size < C (X) S J-K_ 2 ^2 . Here the norm ||.|| is taken over the ball 
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which contains 

g{Z)nB{g^ 1 {x),s{g^\x))). 

This is the set we wanted to cover and T gj-it x <\{Y) = h(0, s(gi~ 2 (x)))(Y) is of 
C r -size < s(gi~ l {x)) up to dividing it into C(X) 21 pieces as in Section [2T2l (this 
multiplies Nj by a universal constant). 

To finish the proof, we have to count the number of pieces Y that we constructed 
for which the C r -size of t~ a l 1 ^(Y) is bounded form above by s(g^~ 1 (x)). Indeed, 
the union of those sets covers g^~ l {Z fl B(x, s,j,g)). 

To control Nj, we need a control of the norm \\D r g g j-2r x \ s ( g j-2M-j\\ on the ball 

B(0,C(X)+V2i). 

We admit temporarily that this norm is < C(X, I, r)s(g^~ 2 (x))~ 1 . 
Then: 

N, < NM ,, r) (l + , 
which is smaller than: 

Nj^C(X,l,r) ( ^^ ) gr < Nj^C{X,l,r)s{g^\x))- 2l ' r 

up to changing C(X, I, r). This concludes the proof of the lemma up to the upper 
bound of the norm of ||-D r fl , 9 J- 2 (x),s( S J- 2 (x)) II on the ball B(0, C(X) + y/2l). 

Upper bound of the norm \\D r g g j-2f x y s r g i-2^\\ on B(0,C(X) + y/2l) 
Since 

9tp- a (*),8&-*(x)) = h(0, s ( g j- 2 ( x ^ ) ° 9gs-*(x) ° h(0, s(g^ 2 (x))), 

\\drgg3- 2 (x),s(g3-' 2 (x))\\ is equal to s(g^~ 2 (x)) r ~ 1 \\d r g gJ -2^ || where that last norm is 
taken over the ball 

B(0,s(gJ- 2 (x))(C(X) + V2i)) 

(see Section E2] for notations). 

To prove the upper bound of the norm, we are going to prove that: 

g gj -i (x) (B(0,2s(gi- 2 (x))(C(X) + V21))) 

is contained in the ball 5(0, 1). We will then deduce the upper bound of H^gr^-a^dl 
on B(0,s(gi- 2 (x))(C(X) + V21)) by C(X, r)(s(g^ 2 (x))(C(X) + V2l))' r thanks 
to Cauchy inequalities. This gives exactly the upper bound that we want. 
So, we show that: 

g gj - Hx) (B(0,2s(gi- 2 (x))(C(X) + y/2l))) 
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is contained in -8(0, 1). 

If we let y = g^ 2 (x), we have: 



9gi- 



2 {x) (B(0,2s(g^ 2 (x))(C(X) + v^))) = g y (B(0, 2s(y)(C(X) + v^))) 
which is equal to: 

rj a \ y) o f a o r y (B(0, 2s(y)(C(X) + v^))) 
because g = f a . Furthermore: 



T 



Ay) °f a ° T y = ff—Hv) ° - ' - %' 

with f x := tJ^ o / o r x . 

Now we use Lemma 12.1.41 of Section 12.11 to control the differential of f y on 
B(0,2s(y)(C(X) + V2l)). 

If z is a point of the ball B(0, 2s(y)(C(X) + \f2~l)) then the distance between 
T y (z) and / is > d(y,I) - 2s(y)C(X)(C(X) + ^21). But that last quantity is 
> d ^' / - > since by definition of s{y), we have s(y) < d ^ J - > and we can assume that 
K is large compared to the constants that depend only on X and / (recall that I is 
the complex dimension of Z : it is between and k, so in particular they are only 
a finite number of such quantities). Using Lemma [2.1.41 we get an upper bound 
of ||£>/J on the ball B(0,2s{y){C{X) + V21)) by KC(X)2 p d(y, I)~ p . Using the 
control over the differential, this implies that the image of B(0, 2s(y)(C(X) + V2l)) 
by f y is contained in B(0, KC(X)2Pd(y, I)- v 2s{y){C{X) + ^/2l)). But since: 



we have: 



d(y,I)x---xd(f a - 1 (y),I) 



KC(X)2Pd( y ,iy*2s( y )(C(X) + yffi) < ( d UivU) ^ ' ^ dU^{y)J) 

\ K a 1 

since we can assume that K is large compared to the C(X). 

So we have proved that the image of B(0, 2s(y)(C(X) + \^2l)) by f y is contained 

in 

/d(/(y),/)x...xd(r-%),/)^ 



R a-1 

Now, if we do again what we just did for f(y) instead of y, we get that the image 
by f m o f y of the ball B(0, 2s(y)(C(X) + \/2l)) is contained in the ball: 
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and so on. At the end, we have that the image of the ball 5(0, 2s(y)(C(X) + y/2l)) 



by //<»-i(y) ° ' ' ' ° fy = r f°-( y ) ° f a ° T y * s contained in the ball: 

'd{f«-\y)J) 



B[^KC{X)2H{r\y)J) 



K 



which is contained in 5(0, 1) for K large enough. 

This concludes the proof of the upper bound of the norm \\D r g g j-2r x \ s r g j-2t x )\\\ 
on the ball 5(0, C(X) + v2l) and that concludes the proof of the lemma. □ 

Now we will use that lemma to prove Proposition I2.3.2L Recall some notations 
first. The set Yq is one the fiber T x (Yj(t)), n = mcf)(n) + r(n) with < r(n) < m, 

f d(x,I)x...xd(f m - 1 (x),I) 

p( x ) = [ 



and 

r)(x) 



d(x,I) 
K 



Finally, we denote: 

B n {x) : = B(x, p, 0(n), f m ) n f^m+m^^m-m (x), V , r(n) + m, /)). 

Applying the previous lemma for g = f m (and thus s(x) = p(x)), j = 4>(ri) and 
Z — Y H B(x, p(x)) (whose image by r^ 1 is of C r -size< p(x) up to dividing 
into C(X) 21 pieces because Yj(t) is a linear subspace), we get that we can cover 
/^(")-i)(y nB(i, p , <p(n),g)) by a number N m of sets Z for which the C r -size of 
T yHn)-i (x) (Z) = r r l Wn) _ 1){x) (Z) is < p(g^- l (x)) and bounded from above 

by: 

C(X,l,r)*W J] ptfix))-*". 

0<i<<f>(n)-l 

So we went up to f m ^ n >~ l ){x) and we still have to go to f n (x). 

For that, we use the above lemma again with for Z one of the i\fy,(„) pieces Z, 
g = f (so now s(x) = i](x)), j = n—m{cj){n) — V) = r(n)+m and x = / m (*( n )~ 1 )(x). 
We can do that because the C r -size of rJ^ M _ x) ,AZ^) is < p(f m ^ n) " 1 \x)) < 

r]{f m ^- x \x)). So we get that we can cover f r ^+ m - 1 (ZnB(f m ^- 1 \x),r], r(n) + 
m i /)) by a union of M sets Y for which the C r -size of rJ^^JY) is < ri(f n ~ l (x)) 
and M is less than: 

C(X, I, r ) m+r ^- 1 Yl r 1 (f n ~ i (x))- 2l,r . 

l<i<m+r(n) 
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The sets Y that we constructed belong to (up to keeping only the part that 
lies in it): 

5 ^ r(n)+m _ 1+mWn) _ 1) ^^^ r(n)+m _ 1+mWn) _ 1) ^^^ = ^(jn-l^^jn-l^^ 

The C 1 -size of these Y is smaller than C{X)r]{f n ~ 1 {x)) which implies that the 
diameter of h([0, 1} 21 ) (where h is the map in C r associated to Y) is smaller than 
Cpf,/)^/™ -1 ^))- So, the set h([0,l} 21 ) is contained in 



2 

Since the differential of / in this last ball is bounded by 

K2 p d{f n -\x),I)- p 

using Lemma l2.1.4l one gets that the images by / of those Y are of C^-size bounded 
by C(X)r](f n - 1 (x))K2 p d(f n - 1 (x),I)- p . So their 2Z-dimensional volume is < I. 
Summing up, we have covered 

r (n)+ m(r Wn)-i) (Fo n jB(X; p> 0( n )^)) n B(f m ^-V ( x ), v , r{n) + m, /)) 
which contains f n (B n (x) D Y ) by a number N of sets F of volume < 1 with: 
N < C(X,/,r)^ +2m ] [ p(^(x))- 2 '/ r JJ ri(f n -\x))- 2l/r . 

0<i<<j){n)—\ l<i<m+r(n) 

Using now the fact that: 

d(y,I)x...xd(f m - 1 (y),I)^ p 
K m 

v 



p{y) ~- 

and 

v(y) 

we have: 



d(y,I) 
K 



n p{ g \x)r^<K^ n 

O<«<0(n)-1 0<i<<f>(n)m-l 

and 

n ^ (/ - ( x))-^<^ n d(p-\x),i)^. 

l<i<m+r(n) l<i<m+r(n) 

Finally, we have covered f n (B n (x) n K ) by a number N of sets Y of volume < 1 
with: 

N<C(XJ,rr/ m+2m K^ + ^ J] <f(x),I)^. 

0<«<n-l 

That concludes the proof of Proposition 12.3.21 
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2.3.2 Lower bound for the entropy of \i 

Recall that we consider a cluster value \i of the sequence 

1 ^ ti f(f n )*u l Au k ~ l 



i=0 v •' 



and that in order to simplify the notations we assume that (ji n ) converges to \i. 
By assumption, /i gives no mass to the indeterminacy set I and it is invariant by 
Lemma [2.1.31 The aim of this section is to prove that the metric entropy h^f) is 
> logdi — 5. This will implies Theorem CD by letting 5 — > 0. 

So we have to bound h^f). Here is the plan of this section: first we will 
construct partitions of finite entropy for /i that will be used latter with the proof 
of the variational principle to get the lower bound of the entropy that we want. 



Construction of the partitions 



The proof is the same than the one of Mane (see Lemma 2 in [47]). We give it for 
the sake of the reader since we will use it in what follows. We consider a function 
s(x) comprised between and 1. Later, we will take the values p(x) or r)(x) for 
s(x). 

Proposition 2.3.4 We can construct a countable partition V of X\{s = 0} such 
that: 

1. If x G X \ {s — 0}, then diamV(x) < s(y) for all y G V(x) (here V{x) 
denotes the atom of the partition that contains x). 

2. For any probability measure v such that J log s(x)dv(x) > —oo, we have 
H V (V) < +oo. Here H V (V) denotes the entropy of the partition V for the 
measure v. 

Before proving the proposition, recall the following Mane's lemma (see Lemma 1 
in [47]): 

Lemma 2.3.5 IfYlti=o x n ^ s a ser "i> es with < x n < 1 for alln and if^2n=o nx n < 
+oo then 

+oo 

^x n log(l/x n ) < +00 

n=0 

with the convention that x n log(l/x n ) = when x n = 0. 
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Proof of Lemma \2.3.$ Here is the Mane's proof: 

Let S be the set of integers n > for which x n 7^ and log(l/a; n ) < n. If 
n S then x„ < e _n . Furthermore: 

+00 

2ja; n log(l/a: n ) < ^nx n + ^(y/x^)(y/x^) log(l/x n ). 

n=0 neS n£S 

But since (y/i) log(l/t) < 2e _1 for all t > 0, we have: 
+00 +00 
2j x„ log(l/ x n ) < 2J m; n + 2e _1 2J 

n=0 n=0 n£S 

which is less than: 

+00 +00 
^na; n + 2e- 1 ^e- ri / 2 . 

n=0 n=0 

And that gives the lemma. □ 



Proof of Proposition pO^| First of all, there are constants C > and r > such 
that for < r < r , there exists a partition P r of X whose elements have a diameter 
< r and such that the number of elements of the partition \V r \ is < C{l/r) 2k . 

Now, we define V n := {x, e~^ n+1 ^ < s(x) < e~ n } for n > 0. 

Since the function s is less than 1, we have that X \ {s = 0} = U n >oV^. 

Let V be the partition defined as follows: for n fixed, we consider the sets 
Q fl V n for Q G P rn with r n = e~^ n+l \ This defines a partition of V„. Now, we get 
the partition PofX\{s = 0}by taking all the n between and +00. 

If x ^ {s = 0}, then x & V n for some n > and then the atome of P containing 
x, V(x), is contained in an atom of V r „, we have: 

diamP(x) < e- [n+1) < s(y) 

for all y e V(x) C Ki- This proves the first point of Proposition 12.3.41 

We now consider a measure v such that J log s(x)dv(x) > —00. We want to 
show that HyiV) < +00. 
We have: 

+00 / 

n=0 V PeP, PCFn 

Using the inequality: 

mo /mo \ / mo 

-^XilogXi < [Y^xA I log m — log ^ Xi 

i=l \i=l / \ i=l 
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which comes from the convexity of the function <j){x) = x\og(x) for x > 0, we get: 

+ 0O 

H U (V) <J2»(V n )(log\V rn \-logv(V n )). 

n=0 

Since the number \V rn \ of elements of V Tn is less than Ce 2k<yTl+1 \ we have: 

+00 +00 , 1 x 

H„{V) <logC + 2A;^(n + l)KK) + ^KK)log(-7- rT ) . 

n=0 n=0 

By assumption: 



logs(x)c?i/(x) = / \ogs(x)du(x) > — oo. 
This implies that: 

y^w(K) < +oo, 

n=0 

And the proposition is then deduced from Lemma I2.3.5I □ 
Lower bound for the entropy of fi 

In what follows, we denote V (resp. Q) the partition previously constructed for 
s(x) = p(x) (resp. s(x) = T](x)). We consider the restriction of V and Q to 
fl — X \ Ui>of~ % (I) (that we still denote V and Q). They are partitions of fl. 
The advantage of those partitions over fl is that the f l are well-defined on them. 
In particular, we can define for example the partition f~ l (V): its atoms are the 
f-\P) ■= {x efl with f(x) e P} where the P are the atoms of P. Since f(fl) C 
fl, we get a partition of fl. The measures that we consider (u n , \i n or /i) have a mass 
1 on fl. The parts of X that we drop are of mass for them. We remark that with 
our convention, we have: f~ a (f- b (P)) = f~ a ~ b (P) = {x E fl with f a+b (x) G P}. 
Recall that we denote: 

(f n )*uj l Auj k ~ l 

Vn " M/ n ) 

and that u n (A n ) > 1 — ^ (see Lemma [2.3. If ) . 

In what follows, we denote vL := ^\ (i.e. v'JB) = v ^ BnA ^ ). 

' n v n (A n ) V n\ J u n (A n ) > 

Define the joint partition V- n of the partitions V and Q by (recall that n = 

<p(n)m + r(n) with < r(n) < m): 

V- n :=PV f~ l {V) V ■ ■ ■ V f-<Kn)m+m(j,j y j-^m+m-l ^ y . . . y J-n+l(Q)_ 



First, we have the lemma: 
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Lemma 2.3.6 If n is large enough, then 

v' n {V- n {x)) < 



gl05nip 



W»)i-£" 

for every atom V- n (x) ofV- n . 

Proof. We have shown in the previous paragraph that if n is large enough then for 

every x G A n : 



u n (B n (x)) < 



glO(5rapi 



Consider now a n large enough so that the previous property is satisfied. Here: 

B n (x) := B(x, p, <f>(n), f m ) fl /^(^(b^)^^, v , r(n) + m, /)). 

If V- n {x) does not contain any points of A n then z/ (P_ n (x)) = and the lemma 
is true. So we can assume that there exists y G V- n (x) fl A n . 

By definition of the joint partition, we have V- n (x) which is equal to: 

V{x) fl • • • fl f-m™+m^ v ^4>{n)m-m^ x ^ 

n /-*(»)"»+™-i(Q(/*(»)'«-™+i(a:))) n • • • n /~ n+1 (Q(r _1 (x))). 

In particular, f l {y) G V{f l {x)) for i = . . . (p{n)m — m and then f l {y) G 
Q(f l (x)) for z = (p(n)m — m+ 1 . . .n — 1. By Proposition 12.3.41 the diameter of 
V(f l (x)) is < p(f l (y)) for z = . . .(f>(ri)m — m and the diameter of is 
< T]{f l {y)) for z = 4>{n)m — m + 1 . . . n — 1 which means: 

C B n (y). 

The lemma follows then first from the estimation of the previous paragraph since 
y G A n and secondly from the fact that ^ n (A n ) is > 1 — □ 

Thanks to that estimation on u' n (V- n (x)) , we can bound the entropy of \i using 
a variation of the proof of the variational principle. We refer the reader to [54] 
p. 188-190 for the proof of the principle and to [4], [12J or |41j for its use to bound 
from below the entropies of measure in holomorphic or meromorphic dynamics. 

Let q be an integer 2m < q < n (with m from the above paragraph). For 

< j < q — 1, we let a(j) = 1 ^ zl and then 



{0, 1, . . . , n - 1} = {j + rq + i, < r < a(j) -2, 0<z<g-l}U 

where S(j) = {0, 1, . . . ,j - l,j + (a(j) - l)q,j + (a(j') - l)g + 1, . . . ,n - 1} 
is of cardinality less than 3g since j + (a(j) — l)q > j + (^-^ — 2 j q = n — 2q. 
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We took the indexes r up to a(j) — 2 so that S(j) contains n — q. . .n — 1 and 
so in particular <p(n)m — m + 1 . . . n — 1 (we take g large with respect to m). We 
denote S\(j) the elements of S'(j) other than 0(n)m — m+ 1 . . .n — 1 and S2O') 
the elements (p(n)m — m + 1 . . .n — 1. 

Now, we have (see for example Proposition 4.3.3 of [45]): 

ff^P-n) > -log( sup ^(P)) > -lOSnlp + logMiP) +log ( 1 - -M , 

by the previous lemma. 

On the other hand, by the proof of the variational principle for < j < q — 1, 
we have: 

o(i)-2 / 9-1 \ 

p-n= V [r {rq+j) \J rv v v r^v v /-*q. 

So, (again by Proposition 4.3.3 in [45]): 

a(j)-2 q-l 

h vL {v^)< H K (r {rq+j) \/ r'T) + E H <(f~ tv )+ E ^(r'e) 

f=o j=o teSi(j) tefiaO') 

which is equal to: 

a(j)-2 q-l 

E H fi^S\Jr i v)+ E H <(r t v)+ E h <u^q) 

r=0 i=0 t&Sitf) *e5 2 (j) 

Summing this relation for j = ... g — 1, we get: 

1 



g (^-lOc^Zp + log AK/ n ) + log (1 ( , 

q-l a(i)-2 q-l q-l / 

<EE Vk(V^) + E E H <(r*p)+ E ^(r*e) 

J=0 r=0 t=0 j=0 \iG5i(j) tes 8 (j) 

The integers j + rg for < j < g — 1 and < r < a(j) — 2 are all distinct and 
< n — 2q. So we have that (using the convexity of the function $(x) = xlog(x) 
for x > 0): 

(I): f— - (-KWnZp + log Xi(f n ) + log 

n - 2q + 1 \ V C 
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which is less than: 

^^E^-o 2 WV/ V ) + l^\ n - 2q+ l + 2- n-2g + l 

»=o i=o \teSiOO y tes 2 (j) 

Here is the plan of the rest of the proof. In a first time, we deduce from that 
inequality a lower bound of -H i ^ n -2 q fV (Vi=o / Then we will pass to 

^ n — 2q+l ^p — J* n 

the limit in that inequality. 
1) Lower bound of -H 

' 1 n-2q+l 2^p=0 J* u n x y l ~ u J ' 

By definition, v' n := In particular, v' n < and 

n—2q n—2q 



n 



V fV < - V Pu 



In order to control -H i v n-2q fP (VLn / with the inequality (I), we are 
going to use the following lemma: 

Lemma 2.3.7 Lei v and v' be two probabilities such that v' < fiv for some (5 > 1. 
Then for any partition Q, we have: 

H U <{Q) < f3(H v (Q) + 1). 

Proof. The function <3>(x) = — a;log(a;) is increasing on [0,e _1 ] and decreasing on 

[e-M]- 

So we have: 

QeQ 

E -^(0) log i/(Q)+ E -v\Q)\ogv\Q) 

QeQ, v{Q)<^- QeQ, v{Q)>^- 

which is less than: 

E -/mq) mmq)) + E -^(g) ^sAQ)- 

QeQ, »(Q)<^- QeQ, »(Q)>^- 

Since they are at most ^pr of Q £ <2 with v{Q) > ^j- and because on the interval 
[0, 1], the function $(x) is non negative and bounded by e -1 , we have: 

H V >(Q) < (3H V (Q) + (3. □ 
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Now, since 

n—2q n—2q 



o i i / ^ f* n — ft o i -i / _j f* V n i 

n — 2q + 1 n — 2q + 1 ' 

^ p=0 ^ p=0 



with /3 = -n- and 

for that same /3 > 1, we have: 



f-106nlp + log A/(D + log f 1 - 



n - 2<7 + 1 \ v ' \ Co 

which is less than: 

1 9-1 

- — i r - 2 ,. (Vr?) + i 

1 L L „-2 9 +i ^ P =o J* u " y V ' 

Co i=0 

^1 ^ n- 2(7+1 ^ n- 2(7 + 1/ n-2g + l J 

(since the cardinality of S'(j) is < 3q). 
This implies a lower bound of -H i 

1 n-2q + l ^-p=0 J* U " v v «— U ■> ' 

1 " 7r) ( o— T (~ 10Snl P + l0 § MD + log f 1 " 7^ 

Co/ - 2g + 1 V V 

It remains now to take the limit of that inequality when n goes to oo. 

2) Pass to the limit n — > +oo 

First: 

i_ ^-lotfnZp + log MP) + log f 1 - ±- 

n - 2g + 1 \ \ C 0/ 

goes to — lQSlp + logdi when n — > oo. We need the following proposition. 
Proposition 2.3.8 We have: 
1. f log pdji > — oo. 
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2. For all q > 2m, 

9-1 

2 C\i rv) 

„_2g + l ^p=0 J* V 7 

i=0 

converges to ^(V&To f' % ^P) when n — > oo. 
5. For g > 1; 

converges to to/ten n — > oo. 
^. For g > 1; 



q ^ ^ n-2q + 1 

converges to lo/ten n — > oo. 

We assume temporarily that the proposition is true. We finish the lower bound of 
the entropy of /x. 

If we pass to the limit in the inequality of the previous paragraph, we get: 

-h,c\j rv) > (i- ±-) (-nw/p+iogd,) - -. 

Q J V W q 

If we let q go to oo, we have: 

KU)> f 1 -^) (-i&Hp + iogd,) 

because the entropy of V is finite for /x from Proposition 12.3.41 and the first point 
of the above Proposition. 

This proves the theorem by letting Co go to oo then by letting 5 go to 0. 

Up to the proof of Proposition 12.3.81 we have proved Theorem [U 



In order to simplify the notations, we denote: 

n—2q 

n — 2q + 



p=0 

For the proof of the four points of the proposition, we will use the following lemma: 
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Lemma 2.3.9 For i = . . . q — 1, we have 

0> / logp d((.f)*/4) > -5(e) 

if n is large enough. Here 5(e) goes to when e goes to 0. 
Proof. 

First step. In a first time, we are going to bound from above (/ l )*/x^({x, p(x) < 
e}) by <5'(e) for n large (with <5'(e) going to when e goes to 0). 
Recall that: 

(d{xJ)x---xd{f m ~\x)J)^ p 

In particular, we have: 



{x, p(x) < e} C {x, d(x, I) < e~vK} U • • • U {x, d(f m -\x),I) < e^K}. 
Now, 

m— 1 

(f ),//„({*, p(x) < c}) < <*(/'(*),/) < e^K}) 

which is equal to: 

m— 1 

£(/').(/*)./£({*, d(x,/)<c^}). 

z=o 

The measure EZo'ifWWn is lower than >„ = 

which converges to m/x. Using Hypothesis (H), we know: 

/x({x, d(x,I) < e^K}) < 5'(e) 

with S'(e) converging to when e goes to since logd(x, J) is integrable for the 
measure /x and so /x puts no mass on /. 
We have then: 

(f%p' n ({x, p{x) < e}) < m(l + e){5'{e) + e) = 5'(e) 

if n is large and up to changing 6'(e) (of course it depends on m). This gives the 
first step. 

Second step 

We now prove the lower bound of L p<t \ logp d((/*)*/4J. 
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By the definition of p, we have: 
/ log pd((f%p' n ) 

J{p<e} 

m—1 „ 

= P J2 \ogd(f(x),I) d((f%p' n )-mplogK(f%p' n ({p<e}). 



1=0 J {P<t} 

By the first step , we get: 



„ m— 1 „ 

/ \ogpd((f%p' n )>pJ2 / \ogd(f(x),I) d((f%p' n ) -mp\ogK5'(e). 

J{P<z) 1=0 J {P<t} 



It remains to control Ya=o I{ p < € } l °g d (f( x ), J ) d ((f )*aO- 
For that, we split these integrals into two parts: 



/ log d(f l (x), I) d((f%p' n ) 

J{p<e}n{x, d(fl(x),I)<5>(e)} 

+ [ logd(f(x),I)d((f%p' n ). 

Jfp<e\nfx, d(f'(x)J)>S'(e)\ 



'{p<e}n{x, d(f'(x),I)>S'(e)} 

The second part is greater than: 

S'(e) log8'(e) 

if n is large enough using the first step. That quantity goes to when e goes to 0. 
For the first part, we have: 

m— 1 „ 

E / log d( f \ X ), i) d((fw n ) 

1=0 J{ P <e}n{x, d(f(x),I)<8'(e)} 

which is greater than: 

m— 1 „ 

E / log d(f(x), I) d((f%p' n ) 

l=0 J{x, d(f(x),I)<8'(e)} 

which is equal to: 

m— 1 

io g d(x,/) dC£(fW)M- 



J{x, 



d(x,I)<5'(e)} 



As in the first step, YmLq 1 '(/') *(/') *f i n i s l ess than the measure: 



n~l 

mn 



_}_ST (f i, _ mn 
n — 2q + 1 n ^—^ n — 2q + 1 
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and the above integral is bounded from below by: 

to(1 + e) I / \ogd(x, I) d/j,(x) — e 

\J{x, d(x,I)<S'(e)} / 

when n is large. Indeed, on one hand we have that: 

logd(x, I) dfx n (x) 

converges to J logd(x, I) dfi(x) by Hypothesis (H). On the other hand: 

\ogd(x, I) dfi n (x) 

{x, d(x,I)>S'(e)} 

converges to Jr d , n >(5 // e u \ogd(x, I) dfi(x) up to choosing e generic so that \i 
gives no mass to {x, d(x,I) = S'(e)}. 

Finally, since A d , x I , <s ,,sAogd(x, I) d^{x) goes to when e converges to 
by dominated convergence, the lemma follows. □ 

End of the proof of Proposition \2.3.8L 

First point of the proposition 

By Hypothesis (H), we have: 

J log d(x, I)dfx > — oo 
the integrability of logp follows from the invariance of the measure ji. 



Second point of the proposition 

We are going to prove by induction on j = 1 . . . q that (\/iZ Q f~ l V) con- 
verges to -f^(Vi=o f~ %, P)' The sequence fi' n converges to \x. The difficulty lies in 
the fact that V is a countable partition and not a finite partition. 

For j = 1 

Here, we show that H^ n (V) converges to H^{V). 
We have: 

+oo 

s =o pev, PcVs 
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that we divide as: 

so — 1 +oo 

E E -<( p ) lo s^( p ) + E E -<(^)io g <(p). 

s =o pe-p, PcVs s=s Par, Pcv a 

Up to moving slightly the boundaries of the partition V, we can assume that [i 
gives no mass to the boundary of its elements. In particular, the first above term 
converges to: 

SO-l 

E E -M^)iogM^) 

when n goes to infinity since we only consider a finite number of elements. 
We now show that the second term is small if we take sq large then n large. 
We follow here the notations and the ideas of the proof of Proposition 12.3.41 

+oo 

E E -A40P)iogp4(P) 

s=s PeP, pcv s 

is less than: 

+oo 

E/^n(K)(l0gK|-l0g^(y s )) 

s=s 

which is in turn less than: 

+oo +oo +oo / 1 \ 

logC E MY.) + 2A: E( s + + E ^(K) log (yjy^j ■ 

s=sq s=sq s=so \r"n\ // 

But, first: 

s=so 

is as small as we want if we take so large enough then n large enough (this is 
exactly what we proved in the first step of the previous lemma with i = 0). 
Then: 



-too „ 

E W'rSY') ^ ~ / iogP^n 



is also as small as we want if we take so large enough then n large enough thanks 
to the previous lemma with i = 0. 

Finally, following the proof of Lemma [2.3.51 we have: 

+oo / 1 \ 

E^) lo s(wVl) < E Wn(V s ) + 2e~i E e" s/2 
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is also as small as we want if we take s large enough then n large enough. 
We have indeed shown that: 

+00 

E E Vn^log/^P) 

s=s PeP, PcV s 

is small and since all that we did remains true if we replace fj,' n by \i: 

+00 

E E -M^iogMi 3 ) 

s=s PeV, PCV S 

is as small as we want for s large enough. 

In particular, this implies that H^ n {V) converges to H^V). 

We continue the induction: we assume that H^i (Vi=o f~ v P) converges to 

3-1 

h,{\i rv) 

i=0 

for some j less than g — 1 and we are going to show that the property holds for 
the rank j + 1. 



For j + 1 

First, we have: 

i=0 i=0 i=0 i=0 



by Proposition 4.3.3 in [45] . 

The first term converges to ^(Vto f~ % ^) by the induction assumption. We 
now show that the second term converges to H^f"^ (V) \ Vi=o / % ^P)- This will 
finish the induction and thus gives the second point of the proposition. 

By definition, H Ki (n(V)\ VfcJ f-*V) is equal to: 

E M^)E E — ^ — ^ — ^ — J- 

We divide that term into two parts: 
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and: 



First, we show that the second term is as small as we want if we take so large 
enough then n large enough. We will deal with A after that. 
We have: 

5 =-E e e mwi — — 

s=soP 2 eV, P 2 CV S \p ie yi-i f -i P v rnV iy 

where <p(x) = xlog(x). Since that function is convex on [0, +oo[, we deduce: 

+oo / 

B ^-E E <M E <(r j ( p 2 ) np o 

s=s p 2 &r , p 2 cv s \PieVi-o 

That means: 

+oo 

fi ^ - E E ^(r J (^)) iogwr j (p 2 ))). 

s=s P2e-p, P 2 cv s 
This term is controlled as in the case j = 1. Indeed, 

+oo 

5 < X;^(r i (K))(iog|p rs i - logger 3 ' (K))), 

is smaller than: 

\ogCfi' n (n({p<e- s °})) 

+oo +oo 

+ 2 fc^( s + + £ log 



But since: 

+oo „ 

E^Cr'CV;)) < - / \og P d{fM 

s=s J{ P <e-°°} 

is as small as we want if we take so large enough then n large enough thanks to 
the previous lemma, we have that B is as small as we want using as for j = 1 the 
proof of Lemma T2.3.51 
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To conclude, it remains to deal with 



^ ^ — kX^ — g V — — J' 

PieVto 1 «=o p 2 ep, p 2 cv s PnV 1; v 1; 7 

We divide the sum X]p 1 eV J ~ x f~'V * n ^° ^ w0 P ar ^ s: 

E 

and 

E 

PieVU/'^, 3'6[oj-i], /'(A)^L V S 
The first sum is finite, so: 

2^ M^lJ 2^ 1^ r/Tm lo § I 7777^ J 

p 1 ,...,p- 1 (Pi)cu s s l- 1 v s 
converges to: 

E M ° 5 „ V MP.) J 

Pl-.-.P-^pOcu^-V, 

when n goes to oo. 

Now, the second sum is less than: 

v ni(P\sr n p i) i ng ( ^(H(P2) n P 1 ) \ 
-2^ 1^ »n{Pi)2^ 1^ tttw] lQ g( 777777 

(we might have add some > terms since — xlog(x) > on [0, 1]). 

Furthermore, since the function — xlog(x) is smaller than e -1 , we deduce that 
this term is less than: 

1=0 



38 



CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS 



which is also as small as we want if we take Si large enough with respect to s 
then n large enough. 

Finally, up to replacing fi' n by /x in what we just did, we also have that 
H fl (f~ : >(V) \ Vto f ^) i s as close as we want to: 

p 1 ,...,P^(p 1 )cu s s r w s 

if we take so large enough then si large with respect to sq. 

So we have proved that (,f~- ? ('P)| Vi=o / ^) converges to: 

i-i 

Mr j {v)\\i rv) 

and that concludes the induction. So the second point of Proposition 12.3.81 is 
proved. 

Third point of Proposition 12.3.81 

We show that: 

lyi y- gUT^j 
o ^ ^ n - 2q + 1 

converges to when ti goes to oo. 
We start by dividing: 

lyi y- H Vn {f- t V) 
q^ ^ n-2q+l 

-. 9-1 +oo 

= , (n _ 2 , +1) E E £- E </-'(;>)) iog»„(/-(p)) 

yv * ; j=o te5i(j) s=o Per, PcVs 
into two parts: 

9-1 so-1 

,(n-2, + l) E E E- E ^.(/-'(P))log,„(/-V)) 

and: 

^ 9-1 +oo 

, (B _a, + i) E E E- E ^(r'(p))iog.„(r'(p)). 

yv y ; 3=o tes x (j)s=s Pev, pcv s 
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For s fixed, the first term goes to when n goes to oo since the function — x\ogx 
is bounded by e -1 et since there are only a finite number of terms. 

For the second term, we remark that it is less than (see again the proof of 
Proposition E33J): 

1 q—l +oo 

a(n _ 2a+l) H E E^(rW)Oog|p r .i-iogi/ B (/-'(v;))) 

qy q ' 3=0 teS 1 (j)s=s 

which is in turn less than: 

q(n _ 2q+1) E E (iogc+2^( s+ i), n( r^)) 

As previously, this term is smaller than: 

g— 1 +oo 



g(n -2g + l) E E ^gC + 2k + {2k + l)Y,sv n {f-\V s )) + 2e-^^ 



-8/2} 

J "n\j \ y s)l i / ^ 

i=o te5i(j) s=s 

But the terms: 



I 4-i 

-V V (logC + 2fc) 

q (n-2q + 1 ^ ^ V & ; 



and: 

1 5—1 +oo 

i V V 2e" 1 Ve- s/2 

q(n-2q+l)^ ^ ^ 

converge to when n goes to oo (because the cardinality of S±(j) is smaller than 
3q). It remains to control: 

2k + 1 9-1 + °° 



iyE E E^crW). 



q(n — 2q + _ , 

HK H ' 3=0 tESi(j)s=s 

This term is equal to: 

<? — 1 +oo 



yv H ' 3=0 teS 1 (j)s=s 



2k +1 '< 



^—f fxnE E / logpd(f%u n 
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But: 

(/Vn<(0(n)m-m+lK 

teSiU) 

W i + V. n" — 1 \r^<t>(n)m-m , p 

Willi fX n — ^ (n)m _ m+1 Z^p=Q 3* u n- 

Following Lemma 12 .3. 91 with instead of n' n and i = (this is indeed possible 
because the indexes p in \J' n goes to 0(n)m — m which is < n — 1 — (m — 1)), we 
deduce that: 

s^^yE e e«(V).^)(v.) 

is as small as we want by taking s large enough then n large enough. 
This gives the third point of Proposition I2.3.8L 



Fourth point of Proposition 12.3.81 

The proof is the same than for the third point replacing Si(j) by S 2 (j), V by 
Q, p by T]. 

At the end, we have to bound from above: 



2k + 1 " ' 



j=o tes 2 {j) s=s 

(here the V s correspond to the partition Q and to the function 77). 
That term is equal to: 

2k + 1 



9( „_2 9+ i)E E E 

q(n-2q + l) . =Q teSa(j) J {n <e-o} 



Finally: 



(/*)* v n < 

and since J| r;<e _ 30 | logr]dfi n converges to /{ J?<e - SQ } ^ogrjdfM, it is also as small as we 
want if s is Targe enough then n is large enough. This gives the fourth point of 
Proposition 12.3.81 and the proposition follows. □ 



Chapter 3 

Dynamics of birational maps of P 



3.1 A family of birational maps 

Recall that a meromorphic map / : P fc — > P fc is holomorphic outside an analytic 
subset /(/) of codimension > 2 in P fc . Let T denote the closure of the graph of 
the restriction of / to P fc \ /(/). This is an irreducible analytic set of dimension k 
in P fc x F k . 

Let 7Ti and 712 denote the canonical projections of P fc x P fc on its factors. The 
indeterminacy locus 1(f) of / is the set of points z £ P fc such that dim (z)(~]T > 
1. We assume that / is dominant, that is, 7T 2 (r) = P fe . The second indeterminacy 
set of / is the set /'(/) of points z G F k such that dim^ 1 ^) n V > 1. If A is a 
subset of P fc , define 



Define formally for a current S on P fc , not necessarily positive or closed, the pull- 



For < q < k and n > 0, define \ q (f n ) which gives a size for the action of f n on 
the cohomology group H q ' q (¥ k ) as: 



f{A) := n 2 (n^(A) n T) and f-\A) := ^\A) fl V). 




(3.1) 



:= (7r 2 ),«(i?)A[r]). 



(3.2) 



\U n ) == ll(D*(^)ll= / (/")>') 



A 




(3.3) 
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We have in particular that Ai(/) = d is the algebraic degree. We define the 
dynamical degree of order q of / by: 

d q := Iim(A,(r))» (3-4) 

n— >oo 

These limits always exist and d q < d\ [26]. The last degree Xk(f) = (4 is i/ie 
topological degree of /. It is equal to ij z f~ l (z) for 2 generic. A result by Gromov 
[40l Theorem 1.6] implies that q i— > logrfq is concave in g. In particular, there 
exists a go such that: 

1 = d < di < ■ ■ ■ < d qo > ■ ■ ■ > d k . 

Of course, go can be equal to k which is the case for holomorphic endomorphisms 
ofP fe . 

Here, we consider a birational map / of algebraic degree d > 2. That is a map 
such that i^f~ l {z) = 1 for z generic (dk = 1). Let 5 be the algebraic degree of f^ 1 
and denote by A~(/ n ) and d~ the quantities previously defined for /. We denote 
I + := /(/) and l~ = I'(f) = I(f~ l ) the indeterminacy sets of / and 

We also consider the critical sets C + (or C(f)) and C~ (or C(/ -1 )) defined by: 

c + : = r\n 
c- ■.= (r 1 )- 1 ^). 

Write f = [P\ : ■ ■ ■ : Pk+i] where the Pi are homogeneous polynomials of degree 
d. Let F = (Pi, . . . ,-P/c+i) be the induced map on C fc+1 . Similarly, write f^ 1 = 
[Qi : ■ • • : Qk+i] where the Qi are homogeneous polynomials of degree 5 and let 
= (Qi, . . . , Qk+i)- There is of course an abuse of notation since F o F^ 1 ^ Id 
instead, we have that: 

F o F' 1 = P(zi, . . . , Zk+i) x (zi, Zk+i) , 

where P is a homogeneous polynomial of degree dS — 1 equal to in 7r _1 (C _ U I~) 
where 7r : <C k+1 — > F k is the canonical projection. That implies that the critical set 
C~ is an analytic set of codimension 1 and that I' C C~ . Similarly, we have that 
C + is of codimension 1 and I + C C + (see also Proposition 3.3 in [15] and [5"T]). So, 
/ : P fe \C + — > F k \C~ is a biholomorphism. 

Let s be such that dim(J + ) = k — s — 1, then we have the proposition (see also 
Proposition 2.3.2 in [EE]): 
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Proposition 3.1.1 For any birational map f , we have that: 

dim(I + ) + dim{r) > k - 2. 

Furthermore, we have X q (f) = d q for q < s andX~(f) = 5 q for q < k—dim(I~) — l. 
In particular, if I + D I = 0, then s — 1 < dim(I~) < s. 

Proof. For q < s, the 2k — 2q + 1-Hausdorff dimension of I + is equal to since 
the real dimension of I + is 2k — 2s — 2. Hence, f*{oj) q is well defined and its mass 
is equal to the mass of f*{w) at the power q, that is d q (see Corollary 4.11 in [HI 
Chapter III] or [5 lj ) . On the other hand, the currents (f*(u)) q and f*{oj q ) are 
equal outside I + and they cannot give mass to algebraic sets of dimension < k — 1 
thus they cannot give mass to I + . In particular, these currents are equal and the 
mass of f*{yj q ) is equal to d q . 

So X q (f) = d q for q < s. This implies that A~(/) = d k ~ q for q > k-s. We have 
proved that \ q (f) is increasing up to the rank k — 1 — dim(/ + ). Applying the same 
argument to f~ x gives that \{f~ l ) is increasing up to the rank k — 1 — dim(/~). 
Hence we have k — s > k — 1 — dim(J~). So dim(J + ) + dim(/~) > k — 2. 

For we have as for / that \{f~ l ) = d~ q for q < k — dim(/~) — 1. □ 

In all the cases studied, one has dim(/~) = s — 1. In the case of regular 
automorphisms of C k , this is because the indeterminacy sets lie on the line at 
infinity which is isomorphic to P fc_1 (hence dim(/ + ) + dim(/~) = k — 2). For 
k = 2, dim(/ _ ) = s is impossible since the indeterminacy sets are of codimension 
> 2, which means that they are points. Finally, in [25], the hypothesis of s- 
pseudoconvexity of some neighborhood of I + implies dim(/~) = s — 1. 

Still, this is not always the case. Take for example / in P 3 given by [yz : xz : 
zt + y 2 : z 2 ] then / is birational with inverse /- 1 = [ y t : xt : t 2 : zt - x 2 }. Then 
/(/) = {y = 0} n {z = 0} and /(/- 1 ) = {x = 0} n {t = 0}. So they are both of 
dimension 1 and /(/) fl /(/ _1 ) = 0. 

So we need to formulate a hypothesis: from now on, we are going to assume 
that I + and I~ are of pure dimension and satisfies 

dim(/ + ) = k — s — 1 and dim(/~) = s — 1. (3.5) 

for s with 1 < s < k — 1. 

In particular, the previous proposition becomes: 

Proposition 3.1.2 Let f be as above, then we have X q (f) = d q for q < s and 

X q (f) = 5 k ~ q for q > s. In particular, d s = 5 k ~ s . 
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We introduce some notations. Let C s denote the convex compact set of (strongly) 
positive closed currents S of bidegree (s, s) on P fc and of mass 1, i.e. \\S\\ : = 
(S,u k ~ s ) = 1. For a positive closed current T of mass m(T) > 0, we denote by 
T nor the renormalization of T (that is T nor = m(T)~ l T). Denote for simplicity 
L := A 9 (/) -1 /* and A := (Xk-q)^ 1 !* = (X~ (/)) -1 /* which are well defined oper- 
ators on the elements of C q which are smooth near I~ (resp. We make an 
abuse of notations and write L instead of L q , this is not a problem since in what 
follows L(S) will always be the current f*(S) n0T . The theory of super-potential 
(see the appendix) allows us to extend the operator L (resp. A) to the currents 
in C q such that their super-potentials are finite at one point of the form A(S) for 
S E Ck, _ g+ i smooth near I + (resp. at one point of the form L(S) for S G 
smooth near 

In order to work with the currents in cohomology, we need a hypothesis on the 
indeterminacy sets so that (/")* = (/*)" on the cohomology group H q,q (¥ k ). If so, 
we say that the map is algebraically q-stable (see [51] and |32|). 

We introduce the following condition on /: 

U /-»/(/) n u mr 1 ) = ®- (3.6) 

n>0 n>0 

In the case where q — 1 and k = 2, this condition is equivalent to the algebraic 
stability. 

No we show that a map which satisfies (13.61) is in fact algebraically g-stable for 
all q. That is to say no mass is lost on the indeterminacy set by pull-back. More 
precisely, we have the proposition that uses the theory of super-potential (see the 
appendix): 

Proposition 3.1.3 Let f be a birational map satisfying 113. 6\) . then (f*) n = (f n )* 
on C q for all q, < q < k. More precisely, X g (f n ) = (X q (f)) n so d q = X g (f) for all 

Q- 

Proof. We have to compute the integral: 

\(/ n ) = ii(r)*(^)ii= / (rr(^)A^. 

jv k 

The proof is by induction on n: (f n ~ l )*(u) q ) is a form in L 1 smooth near I~ by 
(13.61) . So we can define its pull-back by / which is of mass X g (f)X q (f n ~ 1 ). On the 
other hand, u q is smooth near I(f~ n ) so it is (/"^-admissible and the mass is of 

(f n y(u q ) is x q (n. 

We will now prove that f*{{f n ~ l )*{uj q )) = {f n )*(uj q ). 
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Let 7ri| r and 7r 2 | r be the restriction of n\ and ir 2 to the graph T of /. That 
way, f*(S) = (iti)*(7T2\r)*{S) where S G C q is smooth near I~ . We will take 

s = (f n ~ 1 y(tu% 01 . 

Let V be a small neighborhood of I~ such that S is smooth here. Outside 
^2~ 1 {Y) H T, 7r 2 |r is a finite map, hence n 2 *(S) A [r] is well defined and depends 
continuously of S here by [30] (Theorem 1.1). Furthermore, if Spkvy does not give 
mass to a Borel set A then (7r 2 | r )*(S') does not give mass to (7r 2 | r )~ 1 (v4) outside 

(V) fl T. Since 7Ti is holomorphic, the same is true for f*(S^k\ v ). And on V, 
S is smooth, hence f*(S\v) is a form in L 1 (see e.g. [26]). 

We consider 5 = {f n ^ l )*(uo q )\ (f n ~ l )*(u q ) is a form in L 1 hence it does not 
give mass to algebraic sets of dimension < k — 1; so /*((/™~ 1 )*(c<j' ? )) is a current 
that does not give mass to algebraic sets of dimension < k — 1. We obtain that 
f*((f n ~~ 1 )*(ui q )) and (f n )*{uj q ) are equal wherever they are smooth that is outside 
analytic sets of dimension < k — 1. We deduce that they are equal hence they have 
the same mass. □ 

The following corollary of the previous proof will be used later: 

Corollary 3.1.4 Let R G C q be a smooth form, then for all i,j > 0, we have that 
R is {PY -admissible and (f j )*((f l )*(R)) = (f i+j )*(R). 

Let j > and q < k. For a current S G C q which is (/ J )*-admissible, we can 
define Lj(S) as (Ag(/ J ')) _1 (/- ? ')*(iS') (similarly we define Aj). By Proposition l3.1.3[ 
we have that Aq(/ J ) = A 9 (/) J ' so we can also write Lj(S) = A g (/) _J '(/ J ')*(jS'). From 
Corollary 13.1.41 we have that Lj(S) = Lj(S) on smooth forms, the question is: 
does it also stand for (/ J )*-admissible currents ? The following lemma answers 
positively: 

Lemma 3.1.5 Let S G C q for q < k. Let n > such that S is (/")* -admissible 
then for all j withO < j < n—1, L^(S) is well defined, f* -admissible and L^ +1 (S) = 
Lj + i(S). In particular, L n (S) = L n (S). 

Proof. Let S be as above, then a super-potential of S is finite at A n {uj k ~ q+1 ) by 
hypothesis. Since / satisfies (I3.6p . we have that A(u k ~ q+1 ) is smooth near J(/ n_1 ), 
the previous corollary implies that 

A n (^~ 9+1 )=A n _ 1 (A(^ +1 )). 

So the super-potentials of S are finite at the image by A n _! of a current smooth 
near 7(/ n_1 ): it is (/ n_1 )*-admissible (see the appendix). An immediate induction 
gives that S is (/-^-admissible for j < n. 
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Now we prove by induction on j that L^(S) is /*- admissible and that L? +1 (S) = 
Lj+i(S). For j = 0, it is just the fact that S is /*-admissible. Now, assume 
the property holds up to the rank j. A super-potential of LP(S) = Lj(S) is by 
Proposition IA.1.18t 

^( S )=^) + ^W s oA J 

on forms smooth near Taking the value at A{u k ~ q+1 ) (which is smooth near 

HP)) gi ves: 

U Lm {K{u k -^)) = W LjM) (A(^ +1 )) + ^^ZY^A^A^^ 1 ))). 

The current Lj{uj q ) = U{uj q ) is /*-admissible since it is smooth near I~ , that 
means that Ul .( ul q)(A(uJ k ~ q+1 )) is finite. Similarly, applying the previous corollary 
to f~ l gives that Aj(A(u k - q+1 )) = A^ +1 {uj k - q+1 ) and since S is (/• 7+1 )*-admissible 
then U s {Aj(A{uJ k - q+1 ))) is also finite. 

That gives that Ul^s^A^uj^^ 1 )) is finite so Lj(S) is /*- admissible. We can 
now apply Proposition I A. 1.181 to L^(S): 

Mlj+i(s) = Ml(uji) + I jjy U L j( S ) o A 

ii i a i , \-i(P) 7/ a \ a 

= U L{uq) + {U Lj {w*) + YTp) Us A ^ A 

on smooth forms. Since Ul(u%) H — w^j Ul^i) ° A = Uij+i^q) on smooth forms, 
and since Aj o A = A J+1 on smooth forms, we deduce from Proposition 13.1.31 that: 

on smooth forms, hence lJ +1 (S) = Lj + i(S) by Proposition IA.1.31 That gives the 
lemma. □ 

As usual, for two sets E and F, we denote inf x eE,yeF dist(x, y) by dist(E,F). 
In [TJ, the authors asked for a quantitative and stronger version of (13.61) similar to: 

Hypothesis 3.1.6 The birational mapping f satisfies: 

OO y X n 

J2(d) io g dist(i+,r(r))>-oo 

n=0 ^ ' 



and 



Y*yi) iog^(/-,r™(/ + ))>-oo 

n=0 ^ ' 



3.1. A FAMILY OF BIRATIONAL MAPS 



47 



In P 2 , EZo d ~ n ^Sdist(I + J n (r)) > -oo and £~ =0 <*~ n logdist(J- r n (/ + )) > 
— oo are equivalent (see [15]), it has no reason to be true in higher dimension. 

Let / be a birational map satisfying dim(/ + ) = k — s — 1 and dim(/~) = 
s — 1. Recall that a quasi-potential of a current T e C q is a current U of bidegree 
(g — 1, q — 1) such that T = uj q + dd c U . We know from the appendix that it is 
always possible to take U negative. Here, we will use a hypothesis that differs a 
bit from 13.1.7)1 In what follows, for an irreducible analytic set A, we define [/(A)] 
as the current of integration over f(A) counting the multiplicity of / at A and if A 
is not irreducible, we decompose it into irreducible components (Ai) and we define 

If (A)} as EJ/(A)]- 

Assume that I + n p(I ) = for j < n, then f n (I ) is well defined and the 
form L r L( a ,)L(u;' s ~ 1 ) is smooth in f n (I~) so the following integral is well defined: 

/ U L{ul) L{u s - 1 ). 

The terms (deg(/ - )) -1 and (deg(J + )) _1 in the following hypothesis are just here 
to normalize the integrals. 

Hypothesis 3.1.7 Let f be a map satisfying $3.6\) . Let Ul(u) be a negative quasi- 
potential of L(u) and let U\(u) be a negative quasi-potential ofA(u). The birational 
mapping f satisfi.es: 

(±) (deg(r))- 1 [ UwUfS- 1 ) > -oo 
and 

E (j^Y / C/A H A(o; fc - s - 1 ) > -oo 

t^> V 5 V Jf-Hi + ) 

In the case of P 2 , it is equivalent to Hypothesis 13.1.61 (see [U Theorem 4.3] and 
Theorem 13.2.21 below) . That is because the distance between the supports of the 
currents is a good distance for Dirac masses but not for currents of higher bidi- 
mension. We will see in Theorem 13.2.21 that Hypothesis 13.1.61 implies Hypothesis 
[3X71 

We can apply Proposition 13.1.31 to a map satisfying Hypothesis 13.1.71 We will 
see in Theorem 13.2.21 that Hypothesis 13.1.71 has a clear interpretation in term of 
super-potentials (it means that the super-potential of the Green current of order 
s is finite at [I~] n or)- Its interest is that it is generic (see Theorem 13.2.151) so that 
we can construct many examples. 
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In what follows, by positive closed currents we mean strongly positive closed 
currents. So inequalities between positive closed currents have to be understood 
in the strong sense namely S\ < S2 means that 5*2 — Si is a strongly positive closed 
current. 

We sum up the setting we are in. From now on we consider a birational map 
/ of F k with: 

• dim(J + ) = k — s — 1 and dim(J~) = s — 1 for some s with 1 < s < k — 1. 

• The map / satisfied Hypothesis 13.1.71 

Observe that the set of maps which satisfy those conditions is stable by iteration. 

3.2 Construction of the Green currents 

Recall that we assume that Hypothesis (13. 1.71) holds for /. Using Propositions 
13.1.21 and 13.1.31 we have that / is algebraically q-stable for all q and for q < s, we 
have X q (f n ) = (d q ) n for all n so d q = d q . 

Let q < s. Recall that for S G C q which is /""-admissible, L(S) is the element of 
C q defined as d~ q f*(S). Furthermore, any current smooth in a neighborhood of I~ 
is /"-admissible. By Proposition 13.1.31 L n ~ l {uj q ) is /"-admissible since / satisfies 
( 13.61) so we can define L n {uj q ). 

Now, let Ul{uji) denote a negative super-potential of L(u q ) (it is always possible 
by Proposition I A. 1 . ll) . 

So, we have that by Proposition lA.1.18l for m > 0, a super-potential of L m {uj q ) = 
L{L m ~ 1 {ui q )) is given on currents in Ck- q +i smooth in a neighborhood of I + by: 



So, by induction, for an element R G C^q+i such that A n (R) is smooth near I + 
for all < n < m — 1, we have that a super-potential of U n {oj q ) is given on R by: 



In particular, by fl 3 . 6 j) . we have that for smooth forms in Cj.-q+i, a super-potential 
of L m (u q ) is given by (JHTTJ) . 



oA. 




(3.7) 



Since the sequence is decreasing, it is enough to show that it does not converge 
uniformly to —00 to show that it converges in the Hartogs' sense (see Proposition 
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IA.1.81) . In [32], the authors prove that fact in the algebraically g-stable case with 
an additional assumption on the size of C + (that fails in our case) using the fact 
that the sequence is bounded from below by the super-potential of any weak limit 
of the Cesaro mean of (L m (u q )). Here the idea is to show that the convergence 
holds at the point [J~] nor . We also prove that Hypothesis 13. 1 .61 implies Hypothesis 

ET71 

We need the following estimate of Ul{w) for that. It is similar to Proposition 
1.3 in [1] though our proof is simpler taking advantage of the fact that we are in 
F k . 

Lemma 3.2.1 Let Ul( w ) be a quasi-potential of L(uj). Then there exist constants 
A> 0, B, A' > 0, B' such that: 

A log dist{x, I + ) — B < U L[uj) (x) < A' log dist(x, I + ) + P', (3.8) 

for all x. 

Proof of the lemma. Let Pi,... , Pk+i be homogeneous polynomials of degree d 
with no common factors such that f — [P\ : ■ ■ • : Pfc+i]. That way, I + = {Pi = 
■■■ = Pk+i = 0}. For an element Z = (zi, . . . , Zk+i) G C fc+1 , we write \Z\ 2 = 
\ z i\ 2 + ■ ■ • + |2fc + i| 2 . Let 7r : C k+1 — > F k denote the canonical projection and we 
write F = (Pi, . . . , Pfe+i). Then, we have that: 

tt*(L(cj) -uo) = dd c (^ log |P| 2 - log \Z\ 2 ). 

Observe that the qpsh function <i _1 log|P| 2 — log|Z| 2 is well defined on P fc since 
it does not depend on the choice of coordinates. So we can write that Uu^) 
(I log |P| 2 — log \Z\ 2 . So in P fc , the singularities of Ul(u) come from the terms in 
log |P| 2 . In the open set of C fc+1 defined by 1 — s < \Z\ < 1 + e, we have that 
the map F(Z) is equal to (0, . . . , 0) G C fc+1 exactly in 7r -1 (/ + ). Using Lojasiewicz 
Theorem (Chapter IV Theorem 7 in [46]), that provide us two constants a > 
and C > such that on \Z\ = 1 we have: 

|F(Z)|>C(dist(Z,7r- 1 (/ + )))«. 

Now from the fact that the projection n is Lipschitz in \Z\ = 1 and the above 
bound, we have constants A > 0, B such that: 

U m > Alogdist(. ,I + )-B. 

For the other inequality, we work in a chart of F k where we let z be the coordinate. 
Let V be a relatively compact open set in the chart. Observe that it is sufficient 
to prove the upper bound in V. For y G I + in the chart, we have that |P(;z)| 2 = 
||P(z)| 2 — |P(y)| 2 | is less than C'dist(z,y). Taking the infimum over all such y, we 
get that |P(z)| 2 is less than C'dist(z, Taking the logarithm gives the estimate 
in V and the lemma follows. □ 
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Theorem 3.2.2 The sequence (L m (uj s )) converges in the Hartogs' sense to the 
Green current of order s of f that we denote by T s + . More precisely, for an appli- 
cation satisfying ( Iff. 6\) . the first half of Hypothesis \3.1.7l - 



(^) (deg(r))- 1 [ UwUuT 1 ) > x 



is equivalent to the fact that the sequence: 



' m / * v n N 

g (j) u L{ulS) (A n ([r) nor )) 



converges. That is to say U T +([I~ 

Finally, any map satisfying Hypothesis \3.1.6\ satisfies Hypothesis \3.1.'A For 
those maps, we have for q < s that (L m (uj q j) also converges in the Hartogs' sense 
to the Green current of order q of / that we denote by T + . 

Proof of the theorem. By hypothesis / satisfies (|3.6p . So, A n ([/~] nor ) G Ck~ s +i is 
smooth in a neighborhood of I + for all n and A n ([/~] nor ) = [f n (I~)} QO r (counting 
the multiplicity). So we have that a super-potential of L m {ui q ) is given on [J~] nor 
l»v (CO: 

m— 1 

Ur 



lL m (u) s ) 

II I! 

In other words: 

m— 1 



m— 1 / , \ n 

([ J "U) = E(dJ ^K)( An ([ J "]no r )). 



rri—i / -1 \ n 
n=0 ^ ' 



Recall again that L{oj s ) = L{u s x ) A L(u) in the sense of current by Corollary 
4.11 in [HI Chapter III]. So, in particular by Lemma fA.2.11 a super-potential of 
U L ^ S) is given by: 

U L(u .)(R) = U L{w) (L(u s - 1 ) A R)+U L{u) s-, ) (u A R). 

on currents R G Ck- s +i such that and R are wedgeable. A straightforward 

induction gives that a super-potential of L{uj s ) is given by: 

£ WLH^'ALH-^'Ai?), (3.9) 

0<j<s-l 

on currents R G C^-s+i such that L(cj s_1 ) and R are wedgeable (since cu- 7 A 
Liuj 8 " 1 ^) is more H-regular than L(c<j s_1 ), we have that (^A^w) 8 " 1 ^ and i? are 
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wedgeable by Lemma lA.1.141) . In particular, Liu 8 " 1 ) and A n ([/~] nor ) are wedge- 
able by Hypothesis 13.1.71 ( (13 .61) is enough for that since L(u s ~ l ) is smooth near 
f n (I~)) so we can take R = A n ([/~] nor ) in the previous formula. 

We want to show that for < j < s — 1, the following series is convergent: 

E b ) A L{^) s ' l ~ j a A n ([/-]n 0r )). 

n=0 ^ ' 

The term of the series can be rewritten as: 

a j>n = deg(J-)- 1 -^ / U m J A L(cu) s - l -\ (3.10) 

a Jfn(I-) 

since A n ([J-] nor ) = [/ n (/-)]„ r = deg(J-)- 1 rf-( s - 1 ) n [/ n (/-)] (observe that the form 
Ul(u)Uj3 A L{u) s ^ 1 ^ 3 is smooth on f n (I~) so this integral makes sense). So in 
particular, Hypothesis 13.1.71 is equivalent to the fact that the series converges for 
j = 0. We prove that the series converges for j > by induction. 

So let j > be given such that the above series converges for j — I. Using 
L(lj) = dd c Uuu>) + we write: 

J' 1 A L(u;) s ~ j = J A L^)'" 1 "-* + dcf f/ LH A u} j ~ l A L^)*- 1 ^'. 

So replacing in (13. lOj) . we see that: 

ctj-^n = a j>n + deg(-r) -1 — j U L[u] )dd c U L[w) A uj 3 ' 1 A L(o;) s_1-i . 

By Stokes, we have that the last integral is equal to: 

dU LH A d c U LH A c^- 1 A L^)*" 1 ^', 

which is non positive because co ,J_1 A L{u) s ~ l ~ 3 is positive. That means that: 

dj— l,n — Q>j,n- 

Since a Jin < (because Ul(u>) < 0), we have the convergence of the series for j. 
That concludes the induction. 

By Proposition IA.1.81 we obtain the convergence in the Hartogs' sense to T+. 



Furthermore, the convergence of the series giving U T +([I ] nor ) is indeed equivalent 
to the first half of Hypothesis 13.1.71 
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Let / satisfying Hypothesis l3.1.6l and let q < s. Then, we consider Rj- E Ck- q +i 
any positive closed current with support in I~ (for example oj s ~ q A [I~] n or)- Then 
A J (i?) is smooth near I + for all j < m — 1, so we can apply (13 . Th : 

m— 1 /i\ n 

UL^iRj-) = X) (d) W L( ^)(A n (i? 7 -)). 

n=0 ^ ' 

Using (13.91) . we see that 

W LM) (A n (i2/-)) = (Z7 L(W)J 5, A A n (i2j-)), 

where 5*g = X)o<j<g-i a ^ ALfw)'" 1 ^ is smooth near f n (I~) and is of mass g. The 
measure S q A A n (/2/-) is of mass q with support in f n {I). By Lemma [3.2.11 the 
function Uu^) is greater than Alogdist(/ + , f n (I~)) — B on f n (I~). Hypothesis 
13.1.61 implies exactly the convergence of the series giving Ui,™(u><i){Ri-)- That con- 
cludes the proof by Proposition IA.1.81 □ 

We will see in the next section how to construct the Green current of order q 
(q < s) using only Hypothesis 13.1.71 

Remark 3.2.3 Using the same argument for f n (I~) instead of J - shows that the 
super-potentials of the current T s + are in fact finite at every [/ n (/~)] n or- 

Observe also that the Green current T s + (/ n ) of f n is well defined and equal to 

T+. 

s 

Theorem 3.2.4 The currentT^ is f* -invariant, that is L(T+) is well defined and 
equal to T s + . Furthermore, T s + is the most H -regular current which is f* -invariant 
in C s . In particular, T+ is extremal in the set of f* -invariant currents of C s . 

Proof. Recall from the appendix that a current T is /*-admissible if there exists a 
current R which is smooth on a neighborhood of I + such that the super-potentials 
of T are finite at A(Rq). For such T, f*(T) is well defined and if (T n ) is a sequence 
of current converging in the Hartogs' sense to T then T n is /*-admissible and 
f*(T n ) converges to f*(T) in the Hartogs' sense. 

In our case, we take for Rq the current [I~] n or which is smooth near I + . Then by 
Remark [3.2.31 the super-potentials of T s + are finite at A([/~] nor ) = [/(/ _ )] n or- So 
the current L{T+) is well defined. Now, we have that (L n+1 (cu s )) n = {L{L n {u: s ))) n 
converges in the Hartogs' sense to T+ and to L{T+) so that T+ is indeed invariant. 

Let U T + be the super-potential of T s + defined as: 




(3.11) 
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on smooth forms in C^-a+x- Then composing (13. Hj) with A, we have that on smooth 
forms in Ck- s +x'- 

U T + = d~ 1 U T + o A + Ul( u s). 
By iteration, we have that on smooth forms in Ck- 8 +i- 

m—X / -i \ n / 1 \ m 

n=0 ^ 7 ^ 7 

By Theorem I3.2.2I that implies by difference that: 

goes to zero on smooth forms in Ck-s+x- 

Now, let S be a /""-invariant current in C s such that there are constants A > 
and S satisfying AU T + + £> < Us < for some super-potentials and ZY T + . Then 
on smooth forms in Ck-s+x, a super-potential Wl™(s) of L m (S) — S is given by: 

m— 1 



71=0 V 7 V 7 



Since Q) m W T + oA m goes to zero on smooth forms in Ck- s +x, our hypothesis implies 
that (^) m Us o A m also goes to zero on smooth forms in Ck- s +x- In particular, a 
super-potential of S is given on smooth forms in Ck- s +x by: 



n=0 



° A n . 



Now, using the fact that two currents having the same super-potential on smooth 
forms are in fact equal we deduce that T s + = S. 

In particular, for A = 1, we obtain that T+ is the most if -regular current which 
is /"-invariant. It is extremal in the set of /""-invariant currents of C s since if not 
we could write T+ = tSi + (1 — t)S2 with S\ and S2 two /"-invariant currents in 
C s . Take M small enough so that the super-potentials U\, U2 and U T + of Si, S2 
and T+ of same mean M are negative. Observe that U T + = tU\ + (1 — t)W 2 so that 
t~ l U T + < IA\. Then we can apply the previous result for A = t^ 1 and it follows 
that Si = T (similarly S 2 = T). □ 



In the previous proof, we have obtained: 



54 



CHAPTER 3. DYNAMICS OF BIRATIONAL MAPS OF P 



Corollary 3.2.5 Let IA T + be the super-potential of T+ defined on smooth forms 
by: 




Then we have that: 

goes to zero on smooth forms. 

The current L{ui) s+l is a well defined element of C s+ i and we have that 

dd c U m A L(uj) s + wA L{u) s = L{u) s+1 

by Corollary 4.11 Chapter III in [11]. Observe that it is not true though that 
L(lo s+1 ) = L(uj) s+1 . Indeed, f*(uj s+1 ) is a well defined form (of mass S^ 8 " 1 ) which 
is in L 1 hence that does not give mass to algebraic sets of dimension < k — 1. But 
f*(u) s+1 is a smooth form outside I + which coincides with f*(u s+1 ) there. So we 
have by Siu's Theorem that: 

/>r +i = $>,[/+] +n^ +i ) 

i 

where the sum goes over all the irreducible components If of I + and where the 
are positive numbers. Observe that this formula is related to King's formula (see 
[TT] Chapter III proposition 8.18). In particular, one has that: 

f*{uj) s+1 < C[I + }+ f*(u s+1 ) 

for C > large enough. Similarly, one has that f*(u) k ~ s+1 is well defined and 
satisfies: 

Mcu) k - s+1 <c[i-] + Mco k - s+1 ). 

The following proposition is useful in the construction of the equilibrium measure. 

Proposition 3.2.6 The super-potentials ofTf are finite at oji A A(u) k ^ s+1 ^ :j for 
all k - s + 1 > j > 0. 

Proof. If two currents Si and 5*2 in C r satisfies Si < cS 2 for a constant c > 
then the super-potentials of Si and S 2 of mean satifies Us 1 > cUs 2 + c' for some 
constant c'. In particular, the super-potentials of Si are finite wherever Us 2 is. 

Now, we have that the super-potentials of T s + are finite at [/~] n0 r- Since T+ 
is /*-admissible, its super-potential are finite at every point of the form A(S) for 
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S G Cks+i smooth near I + . So they are also finite at A(u k ~ s+1 ). The affinity of 
the super-potentials of T+ implies that they are finite at (C[J _ ] + /*(co> fc-,s+1 )) nor . 
So the super-potential of T+ are finite at (f*(uj) k ~ s+1 ) QOr . Since for j > 0, the 
current tu^ A A(u) k ~ s+1 ~^ is more H-regular than A(uj) k ~ s+1 , we have that the 
super-potentials of T s + are finite at ufi A A(co>) fe-s+1 ~ J (we use the symmetry of the 
super-potential : U T +(uj j A A(u) k ~ s+1 - j ) = AA ^k- s +i-j (T+)). □ 

Corollary 3.2.7 current T+ gines no mass to I~ (nor I + by dimension's 
argument) . 

Proof. From above, the super-potentials of T s + are finite at A(u) A co> fc ~ s G Cfe_ s +i. 
Observe that for two currents R and 5 in C r and C s with r + s < k, then: 

WhOS A cu fc+1 - r - s ) = U RAuj k+i-r- s (S) = U S {R A uj k+1 -'- s ) 

where all the super-potentials are of same mean. 

So for R = T+ and S = A(u), we get that the super-potentials of A(o>) are 
finite at T s + A uj . This is equivalent to the fact that the quasi-potential C/a.(w) is 
integrable with respect to the measure T+ A u k ~ s . In other words: 

U A{uj) u k - s A T s + 

is finite. Applying Lemma [3.2. II to f~ l shows that the singularities of Z7a(w) are i n 
log dist(x, I~) so T+ gives no mass to I~ . □ 

Remark 3.2.8 The quantity U T +([I~] n0I ) is related to a generalized Lelong num- 
ber ( [10J ) . Let us explain this point. From the previous proposition, we have that 
the super-potentials of T+ are finite at A(cu) k ~ s+1 . 

We define the Lelong number of T+ associated to the function Z7a( w ) as: 



u(T+,U Mu) )= lim / T/AAH 



-oo 



\k- 



{UA{«,)<r} 



The previous current is well defined by the theory of super-potentials: the super- 
potentials of T s + are finite at u A A{oj) k ~ s which means that T+ and A{oj) k ~ s are 
wedgeable and their wedge product is well defined by Definition IA.1.131 

As in formula (I3.9p . we have that a super-potential of A(o;) fe ~ s+1 is given by: 

£4h(^ A A(u) k ~ s ~ j A R), 

0<j<k-s 

on currents R G C s such that A(c<j) fc ~ s and R are wedgeable, so in particular for 
R = T+ by the previous proposition. Since the super-potentials of T+ are finite at 
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A(a;) +1 , that implies that every term in the previous sum is finite. So we have 
in particular that: 

7 *A(u>)l 

is finite. That means that the quasi-potential Z7a(ui) is integrable with respect to 
the measure A(u) k ~ s A T s + . So we can use the bound: 



U\^)(A(u) k ~ s A Tj 



L 



T s + A A(uj) k - S < - f U m T+ A A(cu) k - S 

{U Mu) <r} r J{U A( ^<r} 



< 

So we have that: 



- / U A(U) T+ A A(u) 



k—s 



u(T+,U m ) = 0. 

This is a generalization of the fact that a psh function finite at the point x has 
zero Lelong number at x. 

A classical question in complex dynamics is to ask by what u s can be replaced. 
In other words, what are the currents T in C s such that L m (T) — > T+? The 
following proposition and theorem give partial results toward this direction. 

Proposition 3.2.9 Let (T m ) G C s be a sequence of currents such that a super- 
potential Ur m of T m satisfies ||Wr m ||oo — o(d m ). Then L m (T m ) — > T+ in the Har- 
togs' sense. 

Proof. Recall first that HTeC s has bounded super-potential it is (/^-admissible 
(its super-potential is in particular bounded at the point A n (u k ~ s+1 )). So the 
sequence of pull-back is well defined by Lemma 13.1.51 Using Proposition IA.1.181 
and (13.71) . a super-potential of L m {T m ) is given on smooth currents in Ck- s +i by: 



UL™(T m ) 



m—l/^\n /l\ m 



By Theorem 13.2.21 we know that the series Yl™=o (^) n ^L(o; s ) converges in the 
Hartogs' sense to U T +. The hypothesis on (T m ) implies that Q)™ ^r m ° A m = o(l) 
goes to uniformly on smooth form. Since the control is uniform we have that 
{\UL m (T m ) ~ ^L m (w s )\ 0), and the convergence is in the Hartogs' sense and we 
can conclude by Proposition IA.1.71 □ 

We also have the following result. We believe the proof is of interest although 
the result is essentially already known. We refer the reader to |51j for the case 
q = 1 and also [27] for the general case. See the Appendix for the notion of 
super-polarity. 
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Theorem 3.2.10 There exists a super-polar set P of C s such that for S G C S \P, 
L m (S) is well defined and converges to T+. 

Proof. The set of currents S G C s such that S is not (/ m )*-admissible is super-polar 
since it is contained in the set of currents such that Us(A m (u k ~ sJr1 )) = — oo. Now, 
since a countable union of super-polar set is super-polar, we have that outside a 
super-polar set of C s , S is (/ m )*-admissible and so L m (S) is well defined by Lemma 
ET51 

As above, a super-potential 11]^™,!$) of L m (S) is given on smooth forms by: 

where Us is a super-potential of S. For Q G smooth, consider the current 

R{Q) G C fc _ s+ i defined by := (J2 m (jT A m (^))nor- Let P be the set of 

currents S in C s such that Us(R{oJ k ~ s+1 )) = — oo, then P is super-polar by defini- 
tion. Observe that for Q G C^s+i smooth, we have a constant cq > such that 
R(Q) < c n R(uj k - s+1 ). In particular, for S P, we have that Us{R{Sl)) > -oo. 

That implies that for any Q smooth and S ^ P, the sequence ULm^(Q) con- 
verges to the value ZY T +(f2). Indeed, the fact that Us(R(ty) is finite gives that: 

W s oA m (0) 

goes to 0. So ZYi,»n(s)(0) converges to W T +(f2). Then Proposition I A. 1 . 7l gives us that 
the sequence L m (S) converges in fact to T+ (maybe not in the Hartogs' sense). □ 

Of course, the above theorem is not optimal and it is conjectured that for T the 
current of integration on a (very) generic algebraic set of dimension k — s, L m (T) 
goes to T+ (see in the endomorphisms case [7] and [23] for the case of measures 
and see [31] for the case of bidegree (1,1)). That is beyond the scope of this study. 

Recall that we consider the critical sets C + (or C(f)) and C~ (or C(/ -1 )) defined 

by: 

c+ : = r\n 



We have the proposition: 
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Proposition 3.2.11 The current T+ does not give mass to the critical sets C 
and C + . In particular, the current T+ satisfies the equation: 

f*(T+) = jT^ 

in F k \C-. 

We first need the following lemma: 

Lemma 3.2.12 Let ip be a smooth function. Then f*(<f) is in -^ 1 (T S + A A(u k ~ s )) 
and we have the identity: 

Proof of the lemma. First <p is in L l {T+ A u k ~ s ) and the quantity: 

J <pT? A W *- 

depends continuously on T s + in the sense of currents. 

On the other hand, /*(y?) is in L l {T+ /\A{u) k ~ s )) since it is smooth and bounded 
outside I~ which has no mass for T+ A A{oj k ~ s ) (see Remark [3.2 .81 ). Recall that 
T+ A u k - s is /^-admissible by Remark (we proved that U A{uj) (A(uj) k ~ s A T+) 
is finite). So we have that 

f f m (<p)T+ A A(oo k - S ) = f ^(T S + AA(^)), 

as this stands if T s + A A{oj k ~ s ) was smooth and we can conclude by Hartogs' con- 
vergence. Now, applying Lemma [A.2.21 to / _1 and the invariance of T+, we have 
that L(T+ A A(to k - s )) = T+ A u k ~ s . □ 

Proof of the proposition. We consider C + first. Let V e be a small neighborhood 
of I + . Since T+ gives no mass to I + we can assume that the mass of V e for T s + 
is arbitrarily small. Let W a be a small neighborhood of C + . Let < <p < 1 be a 
smooth function such that ip = 1 in W a \V £ , ip = in V 2 -i £ and <p = outside W 2a - 
Then by the previous lemma: 

\\W a \V e \\ T + < J tpT+ Acu k - S 

< f T+AA(uj k - s ) 
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Now, /(W2 a \V2-i e ) is a neighborhood W of I~ that can be taken arbitrarily small 
by taking e and a small enough. We have seen in Remark [3 . 2 . 81 that the quantity 
f w T+ A A(u;) fc ~ s goes to the Lelong number ^(T s + , Z7a(w)) which is equal to zero. 
Thus C + has no mass for T+. 

For C~ , we write T+ = T c - + T" where T c - is a positive closed current with 
support in C~ and T' is a positive closed current with no mass on C~ ([52]). Both 
currents are /""-admissible since T s + is. But f*(Tc~) has support in C + which means 
it is equal to zero since T s + = dj 1 (f*(Tc~) + f*(T')) gives no mass to C + . That 
implies that T c - = hence T s + has no mass on C~. 

Now / : P fc \ C + — > P fc \ C~ is a proper biholomorphism that we will denote by 
f\. If is a smooth form in P fc \ C~ then using the invariance of T s + : 

((/i)*(r s + ),e) = (T/ ) (/ 1 r(e)) 

= <^r(i?),(/ 1 )*(e)> 

= <^./*((/ir(e))>. 

But = (/i)*(/i)* = id so = and the result follows. □ 

Remark 3.2.13 In order to define A(T+), we need to add to the equation 

(/l) * (T * +) = J s Tt 

a term of mass dk- s — d^ 1 and support in C~ in order to obtain a current of mass 
dks- For example, in the case of Henon maps, we need to add a multiple of the 
current of integration on the line at infinity. In general, such choice is not clear 
and they might be no way to add a current to the equation (/i)*(T s + ) = j-T+ in 
a continuous way. 

The previous corollary implies that the Green current is meaningful. For ex- 
ample, in the case of Henon maps in P 2 , the set C~ and C + are in fact (the 
line at infinity) which is totally invariant and the Green current T + gives no mass 
to Loo. 

We can now prove the following stronger result of extremality which implies 
strong ergodic properties (see Theorem 13.3. 15H . The inequalities between currents 
in C s have to be understood in the strong sense. 

Theorem 3.2.14 The current T s + is extremal in C s , that is if there exists a c > 
and S G C s such that S < cT s + then S = T s + . 
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Proof. Applying the previous results to f n gives that T s + gives no mass to the 
indeterminacy sets I(f ±n ) and critical sets C ±n of f n and f~ n (recall that T s + is 
also the Green current of f n ). Let S be as above, in particular S gives no mass to 
the sets I(f ±n ) and C(f ±n ) and 5* is (/ n )*-admissible for all n. By Lemma 13.1.51 
L n (S) is well defined for all n and equal to L n (S) (L n and A n are the normalized 
pull-pack and push-forward associated to f n ). 

For n > 0, we denote by the push forward operator from F k C(f n ) to 

f k \C(f- n ). 

The operator (A^) is positive. That and the previous proposition applied to 
f n imply that (d s ) n (A' n )(S) < cT+ in P fc \ C{f~ n ). We denote by S n the trivial 
extension of (c? s ) Tl (A^)(S') over P fc : it does exist since the current (d s ) n (A' ri )(S) is 
of bounded mass. We have S n < cT s + in P fe . In particular, S n is (/*) n -admissible. 
Using the same argument as in the previous proposition, we see that: 



outside C(f n ). Now S has no mass on C(f n ) and (f n )*(S n ) is less than c(d s ) n T+ 
(by positivity of the operator (/")*) which implies that (f n )*(S n ) also has no mass 
on I(f n ) U C(f n ). So we have: 



on P fc . In particular, S n has mass 1. We have that L n (S n ) = S and since S n is 
(/*) n -admissible we have L n (S n ) = L n (S n ) by Lemma 13.1.51 

For R G C k ~ s+1 smooth, let Us n , U T + and Waj(r) be the super-potential of 
S n , T+ and A J (i?) of mean 0. We have from Proposition I A. 1.181 and (13.71) that a 
super-potential U.^^^ of L n (S n ) = S on smooth forms is given by: 



Recall that there exists a M > that does not depend on R and n such that 
^A n (R) — M is negative and Us n < M. More precisely, by Proposition IA. 1. ll there 
exists a quasi-potential ?7a™(_r) of A n (R) such that Z/A n (fl) — Muj k ~ s is negative 
(UA n (R) is a quasi-potential of A n (i?) of mean 0). Then, we have that: 



Indeed if S n and T s + were smooth, it would follow from the fact that C/a»(h) —Moj k ~ s 
is negative and that 5 n < cT+. The result follows then by Hartogs' convergence: 
observe that the regularization is obtained by a mean of the composition over the 



(f n T(s n ) = (d s ) n s, 



(f n Y(S n ) = (d s ) n S, 




(U An{R) - M)(S n ) > c(U AHR) - M)(T+). 
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automorphisms of P fc thus the approximations S' n and T' s + of S n and T+ also satisfy 
S> n <cV+. 

So we have the estimates: 

U Sn (A n (R))=U AHR) (S n ) 

= (U AHR) - M){S n ) + (S n ,Mu k -') 

> c(U An{R) - M)(T+) + (S n , Mu k ~ s ) 

> cU T + (A n (R)) + (S n - cT+, Mu k ~ s ) 
>cU T + fi (A n (R)) + M(l-c). 

The last term multiplied by d~ n goes to zero by Corollary 13.2.51 So the super- 
potential UL n (s„) converges to a super-potential of T+ on smooth forms. By Propo- 
sition [OUJ, that implies that S = T+. □ 

Now we prove that the mappings satisfying Hypothesis 13.1.71 are generic. Our 
statement is similar to Proposition 4.5 in |Tj. In addition, we show here that the 
genericity stands in any orbit. The idea of the proof is to construct an element 
in any orbit satisfying Hypothesis 13.1.71 and then to show that the series giving 
Hypothesis 13.1.71 varies as a difference of psh functions (dsh) along the orbit. 

Theorem 3.2.15 Let E s be the set of birational maps f : P fc — > P fc such that I + 
and I~ satisfies dim(I + ) = k — s — 1 and dim(I~) — s — 1. Consider the group 
action: 

$ : PGL(k + 1, C) x PGL(k |l,C)x£,-»£, 

(A,B,f)^BofoA-\ 

Then outside a pluripolar set of the orbit Orb(f) of f 6 E s , the maps of Orb(f) 
satisfy Hypothesis \3.1.7[ 

Proof. We change the definition of $ and we define $(A B, f) = B o / o A in- 
stead. This is not a group action but it is sufficient to prove the statement for 
such $ since taking the inverse is a biholomorphism on PGL(A; + 1, C). We define 
Orb'(f) = {B o f o A} and we still speak of the orbit of /. Observe first that the 
algebraic degree of the elements of Orb'(f) is constant equal to d. 

Construction of an example stable by perturbations satisfying the first 
half of Hypothesis [3X71 

We have that: 

I(BofoA)=A- 1 I(f) 
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and 

I(A- 1 of-'oB- 1 ) = BI(f- 1 ). 

In particular, for A and B generic, we can assume that / + n / = 0. Remark also 
that the dimension of these indeterminacy sets is constant on the orbit of /. 

Consider a projective linear subspace E of F k of dimension s such that E fl 
1(f) = 0. Let V be a neighborhood of E such that Fn /(/) = 0. 

Choose the coordinates [z : ■ ■ • : z k ] in P fc such that E is given by Zq — ■ ■ ■ — 
2 fc _ s _i = and so t hat if E' = {z k _ s = ■ ■ ■ = z k = 0} then E' n = 0, 

£'nV = and £" fl f(V) = (this is always possible). Consider the element B 
of PGL(/c + 1, C) defined by B ([z : • • • : Zfc]) = [Az : • • • : Az fc _ s _i : z k _ s : ■ ■ ■ : z k ] 
with A > 0. We take A small enough so that: 

. B (I(f- 1 )) c V; 

• B (f(V)) C V. 

Consider the element fg of Orb'(f) defined by fs = B o f. Now, I(/b ) = /(/) 
and /((/bo)" 1 ) = BoiHf' 1 )) C V. We have the inclusion: 

^(/((/bo)- 1 )) = f Bo B,{I{f- 1 )) C (flb o C V. 

An immediate induction gives that (/s ) n (/((/s ) _1 )) C V. So the element /b 
satisfies the first half of Hypothesis 13.1.61 since 

dist(/(/ Bo ),/" (/(/ Bo 1 ))) > dist(/(/), V) > 0. 

For each n, m G N, the condition / n (/(/ -1 )) fl f~ m (I(f)) ^ is algebraic (and 
not always satisfied by the above) , so (I3.6P is satisfied outside a countable union of 
subvarieties of PGL(A; + 1, C) 2 . Wherever all these conditions are satisfied, namely 
wherever (13.61) holds the dynamical degrees are given by Proposition 13. 1 .31 and are 
thus constant. 

Now, we show that we can find a small open set Wq in Orb'(f) where the 
first part of Hypothesis 13.1.71 is satisfied. Fix E and V as above. If $(/) = 
B o / o A with A close to the identity and B closed to B , then we still have 
/($(/)-!) = BI(f- r ) cFandBo/o A(V) C V since A(V) is close to V. Thus 
$(/)"(/($(/)- 1 )) C V and /($(/)) = A- 1 J(/) is close to /(/). 

This implies that there exists some a > such that for every (A, £>) in a small 
neighborhood Wq of (Id, B ) and every n G N, we have: 

diatCJWJJ^C/JVW)" 1 )))^"- 
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Now we prove the genericity. In what follows, C denotes a constant independent 
of n and N that may change from line to line. Let W := PGL(/c + 1, C) 2 . It is a 
Zariski dense open set in the projective space W = F N x P^. Let / be the complex 
dimension of W (/ = 2{k + l) 2 — 2). Let c denote the homogeneous coordinate on 
W. When c G W, we write f c instead of $(c, /). We can extend this notation for 
c G W. Of course, in this case f c is not a birational map. 

Consider the rational map: 



Let IL denote the canonical projections of W x P fc to its factor for i — 1, 2, 3 (recall 
that W = F N x F N ) and, in W x P fc , let ^ := nj(w FS ) be the pull-back of the 
Fubini-Study form by the projection for i — 1,2, 3. That way, oj\ + u 2 + uj 3 is a 
Kahler form on W x F h . 

Action of F* on the cohomology. 

We study the action of F* on uj s . Write c = (ci, C2) = ([ci,i : • • • : Ci^+i], [02,1 : 
• • • : C2,jv+i])- First we have F n (c, z) = (c, fc( z )) where the second coordinate is a 
polynomial of degree d n in the Zi, of degree < Cd n in the and in the c^i- We 
compute the mass of F*(u 3 ). For that, we test against (ui + u 2 + u 3 ) k+l ~ 1 . Write 
Q := cui + u)2- We developp {uj\ + uj 2 + u 3 ) k+l i : 



We have that fi' = for i > I and u^ 1 ' 1 ' 1 = 0fovk + l-l-i>k thus % < I - 1. 
So there are only two terms in the previous sum: for i — l — 1 and for i = /. 
There are two terms to control: 



By Bezout's theorem, those two terms are < Cd n (the terms can be computed in 
cohomology so we replace their factors by analytic sets). Here, we use that F n (c, z) 
is a polynomial of degree d n in the z^ and of degree < Cd n in the c 1}i and in the 



F n : W x P fc -> W x P fc 
(c,z)^(c,/ c "(z)). 




(^(wsJ.n'^Aa;*) and <F n > 3 ), fl' A a;*" 1 ). 



C 2 ,i- 



As a result, we have that: 



F n > 3 )||<Ccf\ 



and consequently: 



K(^)||<Ctf 
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We also remark that: 

KM = <*i 

and 

KM = ^2 
since F n acts as the identity on W . 

Construction of a function g that tests Hypothesis 13.1.71 

We can write F*(u%) in cohomology: 

F*(u s 3 ) = a ii,h,i^i A u 2 A 0J3 + dd c U 

where U is a negative (s — 1, s — 1) current, which is C 1 where F*(u^) is smooth 
(see Proposition 2.3.1 in [32] and observe that W x P fc is homogeneous). We also 
denote Q = J2i 1 +i 2 +i 3 =s a h,i2,i3 u >i 1 A w 2 ^ the sm0 °th form cohomologuous to 
F*(a;|). Testing against WjAwjAUj for a + fe + c = l + k — s gives that a^^^ > 0. 
In what follows, we take a particular W. We explain now its construction. 

The indeterminacy set of F 1 has dimension I + k — s — 1 (it is obvious in 
W xF k and in (VT\ W) x P fe , use a stratification with the dimension of the kernel 
of ci and C2). In particular, by Theorem 4.5 in [TU Chapter III], we have that 
F*(u^) = (F 1 *(co>3))''\ Let u be a quasi-potential of F^us) and /3 be a Kahler form 
cohomologuous to F^(u 3 ). In other words, F*(u 3 ) — (3 + gM c u. We can write W as 
in the proof of Theorem 13.2.21 that is: 

s-1 
3=0 

In this case Q = (3 s . 

Consider the rational map: 

a : W x F k -> W x P fc 

We define Z~ := (7(14/ x It is an analytic set of W x P fc of dimension I + s — 1 
such that for c G W, J" n {c} x F k = J"(/ c ) = c 2 (/-). 

Let [X~] denote the current of integration on X~, it is of bidimension (I + s — 
1, 1 + s — 1). Consider the set 



v n := {c e w, f:(r(f c )) n / + (/ c ) = 0}, 
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it is a Zariski open set in W. 
Now, consider 

s-l 

<p n := H£Wi( w sr H Ai ^W A [X-]) 
i=o 

where II is the canonical projection from W x P fc to W. 

This function and its dd c are well defined since the dimension of the indetermi- 
nacy set of the F n is I + k — s — 1 , the dimension of X~ is I + s — 1 and the dimension 
of the intersection of these sets is less than I — 1 (we use again the Theorem 4.5 in 
[TT1 Chapter III] and a stratification of W \ W with the dimension of the kernel of 
Ci and c 2 ). 

On the set H™j^ V{, (p n is continuous since II restricted to X~ is a submersion 
so the push-forward of a continuous form is continuous (we can remove to H™= V{ 
the fibers of II which are contained in the singular locus of X~ because it is an 
analytic subset in W). Finally, we define on n^+ V n , 

N 

g N :=^2d- sn if n . 

n=0 



Computation of dd c g N 
We have that: 

(N s-l \ 

E d~ sn dd c Ku a K +l {u z y- l -i a F* n {py A [x-] . 
n=0 j=0 J 

Recall that dd c u = F*(u 3 ) - (3. So, 

dd c F*u = F* n+l {uz)-F*M 

since is is true outside a set of dimension I + k — s — 1 < / + A; — 2. 
We obtain 

dd c gN = 

(N s-l 
E d ~ m £fei W _i a - K +1 (u 3 y-^ A F„W +1 ) A [x- 
n=0 j=0 

which is equal to 

dd c 9N = it [j2 d ' sn ( F : + i^i) - Km) a [x- 

\n=0 
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Recall that f3 s = = Y^i 1 +i 2 +i 3 = s ^iws^i 1 A c^ 2 A u l 3 . We show now that 
Oo,o,s = <^ s - First we have that: 

(VL,ujt s Auf Awf) =ao,o, a . 

Since and .F\*(u;f) are cohomologuous, we deduce: 

(F*H),^ s A<A^) = a 0As . 

So, we want to compute: 

J F*(lu s 3 ) A A A cuf. 

This can be done in cohomology. If Lk- S is a generic analytic subspace of dimen- 
sion k — s in P fc and L s is a generic analytic subspace of dimension s in F k and 
{c} x P fc is a slice, then the previous quantity is the number of intersections of 
/ c -1 (Lfc_ s ) fl L s on the slice. This is equal to d s since the degree d s of f c is d s on 
W which is a Zariski open set in W, so we have indeed that d s = ao,o,s- 



We have the equality: 

We denote the second term on the right-hand side by S n . Since F*(ui) = lo\ and 
F t *(cj 2 ) = ^2, we can bound the mass of £>„ : 

l|5„|| < £ a^^^H^A^AF^^)!! 
< Cd n(s - 1] 



since < Cd^ n for j < s. So replacing in dd c g^, we have: 

defy* = n. ( jr d - sn (F: +1 (uj s 3 ) - d s F:(uj s 3 )) a pr] ) - n* ( fv-»s B a [r 

\n=0 J \n=0 

The second term in the right-hand side is a positive closed currents with mass 
uniformly bounded in N by the above. We control the first term. Reorganizing 
the sum, we see that it is equal to: 

U,((d- sN F* N+1 (u; s 3 )-d s w s 3 )A[l-}). 
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Using the fact that the mass of the positive closed current F^ +1 (u^) is bounded 
by Cd s{N+1) gives that: 

dd c gN = ^t,N ~ ^t,N 

where D,f N is a positive closed current of bidegree (1, 1) with < C where C 

is independent of N . We can write 

with a^N and fr^jv smaller than C. We explain now what is the normalization on 
the qpsh functions ipi t N that we take. 



We say that a measure is PLB if the qpsh functions are integrable for the 
measure. Any measure given by a smooth distribution is PLB. In particular, we 
can find a PLB probability measure that we denote v with support in the Wq 
defined previously. We have the following lemma (see Proposition 2.4 in [27]): 

Lemma 3.2.16 The family of qpsh functions in W such that dd c ip > —Q = 
— (a>i + co> 2 ) and one of the two following conditions: 

max?/; = or / ipdv = 
w J 

is bounded in L 1 ^) and is bounded from above. 
When, we write 

we suppose that we take the normalization J ijji^dv = 0. 

Link with Hypothesis 13.1.71 

Let c G r\i< n +\Vi, then we want to show that: 

where (f c )*(uj s ) = d s u s + dd c U c . 

First, when c G flj<„ + iVi, we have: 

<fn(c) = / F*(U) l{c}x¥ k. 

J I- (Jo) 
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Here, F*(U)^ c y x¥ k is the restriction of F*(U) on {c} x P fc which is well de- 
fined because F*(U) is continous near {c} x I~(f c ). But F*{U)\^ x¥ k is equal to 
(/ c n )*(W| {c}xPfc ), so 

(fn(c) = / W|{ c } xP fc. 

Recall that 

s-l 

i=o 

In particular, W|{ c } xP * near /™(/~(/ c )) can be written 

s-l 

because the coefficient of u 3 in ft is d. 

The singularities of u^ c y xF k are in J + (/ c ), so by Theorem 4.5 in [TH Chapter 
III], we have that [7 C and dd c £7c = Ylj=o dd c { u \{c}xF k ) A fci U) ) s ~ 1 ~ : ' A cPo; 3 are well 
defined in all P fc . But, if we take the restriction of the equation F*((jJa) = ft + dd c u 
on {c} x P fe , we obtain 

f*(ou) = duj + (dd c u)^ c y xF k = duj + dd c (-U|{ c } xP fc) 

since it is true outside I + (f c ) and f*(uj) or ti(i c (it|{ c } xP fc) have no mass on this 
set of dimension k — s — 1. Moreover it is a qpsh function, so it takes a value at 
every point. 

Finally, 

s-l 

dd c U c = J2(f*&) - duo) A A dV = (/ c )> s ) - d s uA 

3=0 

Proof of the genericity 

Recall that uo n is continuous on fli< n+ iVi. This implies that is continu- 
ous on r\i<N+iVi and it decreases to a function g on flj>oVi with g use on flj>oVi. 
It means that for every point x in A = Cli>oVi, we have lim sup^j. ye \g(y) < ^(x). 

Let m^r = J gNdu. We can write on W, gfjy — m iv — fa,N — V^jv- Here the 
equality is true on a set of full Lebesgue measure in W . But, since is continuous 
on Hi<N+iVi and the ipi,N are qpsh, the equality is true for every point in f\<N+iVi 
(see below the proof of the inequality g — m > fa — fa). 
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We apply the previous lemma to the sequences and we have that these 
sequences are uniformly bounded from above and bounded in L l (v). So we can 
extract converging subsequences to some limit points and ip2 in L 1 . The se- 
quence rriN is bounded thanks to the definition of Wq and of v. So tun converges 
to m by monotone convergence. In particular, g — m = ipi — 1^2 up to a set of zero 
Lebesgue measure in W . We want to show now that we have 



for every point in A = flj>oVi. Indeed, assume there is a point x G A such that 
(g+ip2){.%) < m+ipi(x)—e. On a chart which contains x, we can write ipi = Ai+£i 
with Ai smooth and £1 psh. 

Since g and ip2 are use on A, so is their sum and so (g+ip2){y) < m+ipi(x) — e/2 
on a small ball B(x,r) centered at x and of radius r (for y e A). For a function 
h, we denote by mB(x,r)(h) the mean value of h on the ball B(x, r). We have that 
that rriB(x,r){.g + 1P2) = nT>B(x,r)(™> + Ai +^1) since both functions are equal a.e. and 
m B (x,r)(€i) > since ^1 is psh, so 

m + ij} X {x) - e/2 > m B (x,r)[g + ifa) > "iB(x,r)(Ai) + m + ^(x) 

which is false if we take r small enough to have rriB(x,r) (Ai) near Ai(x). 

In particular, the set of points where g = —00 is pluripolar since it is included 
in the set of points where ipi is —00. By the proof of Theorem 13.2.21 we see that 
g 7^ —00 is equivalent to the fact that the first half of Hypothesis 13. 1 .71 is satisfied. 

We do the same thing for the second half of Hypothesis 13.1.71 and we conclude 
since the intersection of two pluripolar sets is pluripolar. □ 

The results of this section remain valid for So we can construct the Green 
current of order k — s for f~ l that we denote by T^_ s . 

3.3 The equilibrium measure 
3.3.1 Construction of the measure 

We want to define the equilibrium measure \i as T+ AT fe l s . In [T], the authors used 
an approach based on the energy. More precisely, they show that the potential 
of the Green current is in the Hilbert space H T - defined by the closure of the 



smooth forms for the norm y J dip A d c (p A T~. They deduced from that fact that 

the measure T + A T~ is well defined and that the potential of the Green current 
is integrable with respect to that measure. 



g - m > V>i - 1P2 
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Such an approach cannot be adapted here since the super-potential is not a 
function defined on P fc but a function defined on Ck- s +i- Instead, we will use the 
formalism of super-potential. See Definition IA. 1.131 for the definition of wedgeabil- 
ity. We prove the theorem: 

Theorem 3.3.1 The current T s + and T fe l s are wedgeable. So the intersection 
T s + A T^_ s is a well defined measure jj, and the quasi-potential of the Green current 
of order 1 is integrable with respect to this measure. 

Recall that T + := T± is a well defined invariant current in C\ ([51]) and that it 
admits the quasi-potential: 



,/ ;; '"" 

n 



where u < is a quasi-potential of the current d~ x f*{oj) (we write u instead o{Ul{w) 
in order to simplify the notations). We denote as before L n and A n the normalized 
pull-pack and push-forward associated to f n . In what follows, for q < s, Ui, m {ui) 
denotes the super-potential of L m (u q ) of the previous section, that is: 

TO — 1 . 

n=0 

on smooth forms in Ck- q +x, where Ul(ui) is a negative super-potential of L(uj q ). 
By Corollary 13.1.41 we can write it as: 



m— 1 j 



n=0 

on smooth forms in Ck- q +i- Then Lemma T3.1.5I assures us that if S G Ck~ q +i 
is (/ m )*-admissible, it is also (/ n )*-admissible for n < m. So by definition of 
super-potentials and by Hartogs' convergence we have that 

to— 1 j 
n=0 

on (/"^-admissible currents in Ck- q +i- Again, Lemma 13 . 1 . 51 gives that on (/ m )*- 
admissible currents in Ck- q +i, we have that A n = A n hence: 

TO— 1 - 



71=0 



on (/"^-admissible currents in C, 



k-q+l- 



We need the following lemma to construct the measure. 
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Lemma 3.3.2 The current u s q A L n {u q ) and T k _ s are wedgeable for all n > 
and < q < s. Furthermore, for all integers n and n' and 1 < g < s + 1 we have 
that U L n iul)q (L n '(ujy- q+1 A T k _ s ) is finite. 

Proof. We have seen in Proposition 13.2.61 that u s ~ q AL(u) q and T k _ s are wedgeable 
for q < s and that the super-potentials of T k ~_ s are finite at L(u) s+1 . So applying 
that to f n instead of /, we have that u s ~ q A L n {oj) q and T k ~_ s are wedgeable for all 
n > and that the super-potentials of T k _ s are finite at L n {uj) s+1 . 

The case where q = s + 1 is already known so we assume 1 < q < s. The 
current L{uj) s+1 ~ q and L{uj) q are wedgeable and their wedge-product is L{uj) s+1 
(it follows from Corollary 4.11 Chapter III in [11] and Lemma [A. 1.161 ). So using 
Lemma lA.2.11 we have that a super-potential of L{ui) s+1 is given by: 

U L{u))q {L{uo) s - q+1 A R)+U L{ulY - q+ ,{Lo q A R), 

on current R G C^ s such that R and L(uj) s ~ q+l are wedgeable. In particular, 
we can take R = T k i s at which point the super-potential of L(u) s+1 is finite. A 
super-potential of L{u) s ~ q+1 A uj q is given by: 

U L(tUJ )s^ q +i(uj q A *). 

So by difference, 

U L{u!)q (L(Loy- q+1 AT k _ s ) 

is well defined in the sense of super-potentials (that is it is continuous for the 
Hartogs' convergence) and is finite. 

So we have proved the lemma for n = n' = 1. 

Applying the result to f n gives the lemma for n = n' . Now, let n < n' . 
Then L n (u) q is more H-regular than L n (uj) q . The super-potentials of L n (uj) q are 
finite at L n ' (uj) s - q+1 A T k _ s so the super-potentials of L n (u) q are also finite at 
L n' {u y- g +i AT -_ s _ 

Similarly, let n > n'. Then L n ' (oj) s ~ q+l is more H-regular than L n (oj) s ~ q+1 
and so Lemma IA. 1.141 implies that L n (u) s ~ q+1 A T k _ s is more H-regular than 
L n (cu) s - q+1 A T~_ s . The super-potentials of L n {uo) q are finite at L n (uj) s ~ q+1 A T k _ s , 
which means by symmetry of the super-potentials that the super-potentials of 
L n (cu) s - q+1 AT k _ s are finite at L n (u) q . Hence the super-potentials of L n ' (cu) s - q+1 A 
T k _ s are finite at L n {u) q which means that the super-potentials of L n {oj) q are finite 
at L n '(u) s ~ q+1 A T k _ s . That gives the lemma. □ 

Proof of Theorem \3. ff.il By the above lemma, we have that L n {oj s ) AT k _ s is (f n )*- 
admissible since it is finite at U^^. Hence by Lemma 13.1.51 we have that 
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A n (L n (u s ) A T fc ~_ s ) is well defined and equal to A n (L n (u s ) A T~_J (recall that 
Corollary ET1 gives L„(cj s ) = L n (c/)). 
We consider: 

^W iH (A n (L n (^)AT-_J). 

It is finite since by Lemma fA.2.21 applied to f n and the invariance ot T^_ g , it is 
equal to 

and the previous lemma assures us that this is finite. 

Using Lemma lA.2.31 for f n instead of /, we see that it is equal to: 



£4^)(L m +V) A T fc Aj - Z4* (W -)(L» A I£J + (^J Wl H (A„(^ A !£.,)). 

We now perform some sort of Abel transform. We sum from to N and we regroup 
the terms in L n {oj) (observe for the first term that = 0): 

JV .. N 

E A T k-s) = E(-^"(- s ) +UL^)){L n {u) A T k _ s ) (3.13) 

n=0 n=l 

- 1 

+ U L n {u!S) (L N+1 (u) A T-_J + E ^ LH (A n (^ A T-_J) 

n=0 

Now, Win-u^s) — Uh n {u s ) = — d~ n+1 UL(ui a ) ° A™ -1 on smooth forms. By Corollary 
13.1.41 we can write it as: 

on smooth forms. Let T e Cfc~ s +i be (/"%-admissible, then T is (/ n ~ ^-admissible 
by Lemma f3. 1.51 Taking a sequence of smooth currents converging in the Hartogs' 
sense to T and using that A n _! is continuous for the Hartogs' convergence (Theo- 
rem [AHJ3), we have that: 

— UL n {uj s ) — —d n+ Ul(u s ) ° A„_i, 

on (/"^-admissible currents (observe that U^- 1 ^) and U^n^*) are finite on (/ n )*- 
admissible currents). In particular, we consider the current L n (uj) A T k '_ s which 
is (/ n )*- admissible by the previous lemma. So using again Lemma lA.2.21 for f n ~ l 
gives: 

(Z4n-i (w .) - U LHujS) )(L n (uj) A T~_ s ) = -d- n+1 W i(£jS) (A n _ 1 (L n (a;) A T fc Aj) 

= -d- n+1 W L((jS) (A n _ 1 (L n _ 1 (L(c;)) AT-_J) 
= -r" + V)(L( W )AT-_ s ). 
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So the series J2 n=1 (— U-L n {^) +U L -n,~i^ u s^){L n {ijj) A Tj^_ 8 ) is also convergent thanks 
to the previous lemma. We also have that U l n^ S )(L n+1 (lj) A T k _ s ) is negative 
since U l n^ S ) is negative. Thus, letting N go to oo: 

E \n ) A T k- S ) + ( E d_n+1 ) www a t-_j 

n>0 / \n>l / 

n>0 

We recognize by ( 13 . 1 2fl that the right-hand side is in fact Ut+{uj s A which 
in term of quasi-potential is f Gu s A T k _ s (recall that T + is the Green current 
of order 1). Thus by Hartogs' convergence, we have that Ut+{oj s A T k _ s ) is finite 
(we could also conclude by monotone convergence that G G L 1 (c<j s A T^_ s ), both 
properties being equivalent). 

Observe now that in ( 13.1 3D every term converge. In particular, 

(U l n {uj s)(L n+1 (uj) A T k _ s )) N 

converges to a finite value. Using Lemma lA.2.41 we have the identity: 

U lN{ujS) (L n+1 (uj) A T k _ s ) = U LN+Hw) (L N \u s ) A T k _ s ) 

- U L x + r {ui) (u s A T fc -J + U LN{ujS) (u A T k _ s ). 

On the right-hand side, the first and third terms are negative, the third term is 
decreasing and we just proved that the second term converges to Ut+{uj s A T k _ s ) 
which is finite. That implies that every term is in fact convergent. 

In particular, we have the convergence of U l n ^s^u AT k _ s ) . Since L N (u s ) — > T s + 
in the Hartogs' sense, that means that U t +(uj A T k _ s ) is finite. Hence the current 
T s + and T k _ s are wedgeable and their intersection is a well defined probability 
measure n (we could also have deduced that from the convergence of the first term 
but this is more natural). 

Recall that the function (R, S) -> U(R,S) := U R (S) = U S (R) for R and 
S in C q and Ck- q {Ur and Us being the super-potentials of mean 0) is upper 
semi-continuous. The convergence of U(L N+1 (u), L n (lu s ) A T k _ s ) implies that 
W(T + ,T S + A T k _ s ) is finite which means exactly that the quasi-potential of the 
Green current is integrable with respect to /i. □ 

Of course, the potential of the Green current of order 1 of / _1 is also integrable 
for the measure fi. 
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Corollary 3.3.3 The measure fx gives no mass to the indeterminacy sets I + and 
I~ . Furthermore, L(fi) = and A(/j) = are well defined in the sense of 

super-potentials. 

Proof. The fact that \i is /^-admissible follows from Theorem 13.3.11 since its super- 
potentials are finite at the point L{T + ) = T + and so they are finite at the point 
L(u) which is more H-regular than L(T + ). Since the potential of T + is equal to 
— oo on I + and is in L l (fi) (in fact log dist(x, I + ) G L l (ji)) we have that /i gives 
no mass to the indeterminacy set 7 + , similarly for I~ . □ 

Proposition 3.3.4 The measure fj, is invariant, that is f*(jj) and /*(//) are equal 
to fl. 

Proof. The currents L n {oj s ) and A m (ui k ~ s ) are wedgeable for m and n in N since 
they are more H-regular than T s + and T k ~_ s . So let \i n := L n {uj s ) A k n {oj k ~ s ) (resp. 
fi' n := L n ~ l (uj s ) A A n+1 (uj k ~ s )). Now since L n {uo s ) and A n {uo k ~ s ) converge in the 
Hartogs' sense to T+ and T^_ s which are wedgeable, we have that ji n (resp. n' n ) 
converges to \i in Hartogs' sense (Proposition IA.1. 15l ) . 

By Lemma \EZM we have that y! n = A{L n {u s ) A A n {u k - S )) = A(fx n ) (observe 
that L n {oj s ) A A n {oj k ~ s ) is /* admissible since it is more H-regular than T s + A T k _ s 
which is /^-admissible). 

So, since /x is /^-admissible, we have that fj,' n converges in the Hartogs' sense 
to A(/i) = /j which is what we wanted. □ 

Corollary 3.3.5 The measure // gives no mass to the indeterminacy sets 1(f ) 
and the critical sets C(f ±n ). 

Proof. We already know that the indeterminacy sets have no mass for \i so using 
the invariance of /i, we have that fi(C(f)) = /i(/ _1 (/ - )) = /x(/~) = 0. □ 

3.3.2 Green currents of order 1 < q < s 

The purpose of this paragraph is to construct the Green currents of order q for 
q < s. This will allow us to prove that T+ can be written as (T + ) s . As an 
application, we show that the equilibrium measure gives no mass to the pluripolar 
sets. 

Using the same arguments than in Theorem 13.3.11 we construct the Green 
currents T+ of order q for q < s: 

Proposition 3.3.6 For 1 < q < s, the sequence (L n (oj q )) n converges in the Har- 
togs' sense to T+ the Green current of order q and the Green currents T g + and 
Tj7_ s are wedgeable. Furthermore, any super-potential IA T + of satisfies 




s-q+l 



A T k -_ s ) > -oo. 
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Proof. Observe that the roles of q and s — q + 1 are symmetric, so anything proved 
for q stands for s — q + 1. The current L n {u s ~ q+1 ) A T^_ s is (/")* admissible by 
Lemma I3.3.21 Lemma 13 . 1 . 51 implies that A n (L n (tj s ~ q+1 ) AT k ~_ s ) is well defined and 
equal to A n (L n (u) s ~ q+1 ) A T k _ s ). So we consider this time: 

By Lemma lA.2.21 and the invariance ot Tj^_ s , it is equal to 

and Lemma 13.3.21 assures us that this is finite. 

Using Lemma IA.2.31 performing the same Abel transform and using again 
Lemma lA.2.21 we obtain similarly that: 



\n=0 / \n=l / 



i(w .- 9+1) (i(o;')AT- s ) 

(3.14) 



+ W L ^- 9+1) (L^ + V)AT-_ s ) 
* 1 

+ E^(-)( An (^ 9+lAT ^)) 



We have again that lA L N^s- q +i^{L N+1 {uj q ) A T k _ s ) is negative since U l n ^ s - q +i-j is 
negative. Thus, letting A^ go to oo: 

E rf_ " ) A T-_J + ( E^" +1 ) A T k _ s ) 

v n>0 / \n>l / 

^E^^)( A «(^ +lAT ^))- 



n>0 



Again, by Proposition lA.1.8l we have that the sequence of super-potential of L n (u q ) 
is decreasing thus to have the convergence in the Hartogs' sense, it is sufficient to 
have the convergence at one point. We recognize by (13 . 1 2j) that the right-hand 
side gives in fact the convergence at the point u s ~ q+1 A T^_ s (again u s ~ q+1 A T k _ s 
is (/"^-admissible so A n {u s - q+1 A T~_ s ) = A n (tu s - q+1 A T k _ s )). So we have that 
lA T +{uj s ~ q+1 A T k _ s ) is finite and L n {oj q ) converges to T+ in the Hartogs' sense. 

In (13.141) every term converges. In particular, 



(Z4^W^ + V)AT-_ s )) 



N 
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converges to a finite value. Using Lemma [A. 2 .41 we have the identity: 

U LN( ^ q+1) (L N+1 (^) A 2£J = U LN+Huq) {L N {u s -^) A T~_ s ) 

-W iWM) (^ +1 AT-_ s ) 

J rU L N {uJ s- q +i ) (uJ q A T k _ s ). 

As above, every term converges to a finite value. In particular, that means that 
U T + +i (^ q A Tj~_ g ) is finite (which is already known by exchanging the role of q 

and s — q + 1). Finally the convergence of UiN+i^q^L 1 ^ {uj s ~ q+1 ) A T k _ s ) implies 
that U{T+, T s t 9+1 A T-_ s ) is finite. " □ 

We prove that T + is invariant. 

Lemma 3.3.7 For 1 < q < s, the Green current T + is f* -admissible and satisfies 
T+ = L(T q ). Furthermore, T g + is the most H -regular current which is f* -invariant 
in C q . In particular, T+ is extremal in the set of f* -invariant currents of C q . 

Proof. For q = s, this is Theorem I3.2.4L So take q < s. We have that L n {oj q ) 
converges in the Hartogs' sense to T+. So this means that at the point uj k ~ q+1 we 
have the convergence of the series: 

^d- n W^)(A> fe -< z+1 )). 

n>0 

In particular, dropping the first term and multiplying by d, we have the conver- 
gence of the series: 

^d- n Z4 (w ,)(A n (A(a; fc -« +1 ))). 

n>0 

We recognize U T +(k{oj k ~ q+1 )) > -co hence T+ is /*-admissible 

By Theorem IA.1.171 we see that L(L n (u q )) converges to L(T+) and to T+. So 
we have proved the first part of the lemma. The rest is exactly as in Theorem 
I3T1 □ 

Now, we also want to consider the intersection T+ A T k _ s for q < s. First, we 
have that these intersections are well defined elements of Ck- s + q from Proposition 
13.3.61 (T+ and T k ~_ s are wedgeable). Furthermore, it is /^-admissible since we have 
by Proposition 13.3.61 that 

U T +_ g jT+AT k -_ s )>-oo 
and since L(u s ~ q+1 ) is more H-regular than Tj~_ q+1 = L{T^_ q+1 ), we see that: 



Z4( u -»+i)(lJ" A T k _ s ) > -oo, 
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which means that T+ A T k _ s is /*- admissible since by symmetry of the super- 
potential, its super-potentials are finite at the point L(u s ~ q+1 ). 

Using the same argument than in the proof of the invariance of the measure //, 
one has: 

Proposition 3.3.8 The current T+ A T ks G Ck~ s +q is f ^-invariant, that is: 

A(T+AT fc l s )=r+AT fe l s . 

Proof. This follows from the fact that L n {uo q ) and A m (uj k ~ s ) converge in the Har- 
togs' sense to T+ and T k _ s which are wedgeable and we use Proposition IA.2.21 □ 

Now, we use the same arguments than in the proof of Theorem 13.3.11 but we 
replace Tj7_ s by T+ AT k _ s . Our purpose is to show that T s + = (T + ) s . We need the 
following lemma first: 

Lemma 3.3.9 Let q\ > 1 and q 2 such that q\ + q 2 — s — q + 1. Then the current 
T+ and T+ A T k _ s are wedgeable and we have that a super-potential IA T + of T+ 
satisfies: 

U t+ K A T+ A T k -_ s ) > -oo. 

The proof is essentially the same as the one of Theorem 13.3. 1L We need the 
equivalent of Lemma f3 . 3 . 2 1 first: 

Lemma 3.3.10 Let qi > 1 and q 2 such that qi + q 2 = s — q + 1 and let n G N. 

Then the currents L n (uj q2 ) and T+ AT k _ s are wedgeable. Furthermore, for n' G N: 

Z4„ Vl) (L>« 2 ) A T+ A T-_ s ) > -oo. 

Proof. We can assume that q 2 > 1 (else it is just Proposition I3.3.6I ). The super- 
potentials of the current T+ AT k ~_ s are finite at L{uj qi+q2 ) = L{uj qi ) AL{uj q2 ) which is 
less H-regular than u qi AL{uj q2 ). Hence the super-potentias of the current T q + AT k ~_ s 
are finite at u qi A L{oj q2 ). This means that the currents L(u q2 ) and T+ A T k _ s are 
wedgeable. 

On the other hand, U L ^ u] q 1 + q2 ){T q + A T k _ s ) is finite. We can use Lemma [A.2.11 
and we have that: 

U L{ ^ 1+q2) (T q + A T k _ s ) = Z4 (w «)K A T+ A T k _ s ) + U L[u)n) {L{uj q2 ) A T+ A T k _ s ). 
Again taking the difference with Ul^h)^ 9,1 A T q A Tj~_ 3 ), we have that: 

U L(wn) (L(uj q2 )AT q + AT k _ s ) 
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is well defined in the sense of super-potentials and is finite. We have proved the 
lemma for n — n' — 1. The rest follows as in Lemma T3.3.21 □ 

Proof of Lemma YS. 3.9L We replace T^_ s by T+ A T k i s and we do the same compu- 
tations. Lemma lA~2~2l lA~2~3l and IA31 still apply for T+ A T~_ s . □ 

We can now prove the following corollary. Observe that if a sequence S n con- 
verges in the Hartogs' sense to S and a sequence R n converges in the Hartogs' 
sense to R with R n A S n wedgeable converging in the Hartogs' sense to a current 
T, we cannot claim a priori that S and R are wedgeable and that T = R A S . But 
if S and R are wedgeable, then we do have T = R A S . 

Corollary 3.3.11 The current T+ satisfies T s + = (T + ) s . Consequently, one has 
/i = (T + ) s A (y~) fc ~ s where T^ is the Green current of order 1 of f ± . 

Proof. Applying the previous lemma to q = 1, qi — 1 and q 2 = s — 1 gives that 

W T+ (T+ 1 AT+AT fc lJ>-oo. 
Since u k ~ s+1 is more H-regular than T + A T^_ g that implies that: 

U T+ (T+_ l Au k - s+1 ) > -oo. 

In particular that T + and T s "ti are wedgeable. Since L n (uj) and L n (u; s_1 ) converges 
in the Hartogs' sense to T + and and L n (u s ) converges in the Hartogs' sense 
to T s + , Proposition IA. 1 . 15l implies that T + A T s t 1 = T/. An easy induction gives 
the result for T+ and the result follows for ji. □ 

Remark 3.3.12 We do not know how to prove the previous result without con- 
structing Tf7_ s first. In the case where / satisfies Hypothesis 13.1.61 the result was 
proved directly (see Theorem 13.2.21) . This illustrate the difference between Hy- 
potheses 13.1.61 and 13.1.71 For a map satisfying Hypotheses 13.1.61 we have that the 
potential of T + is finite at every point of J~, if it only satisfies Hypotheses 13.1.71 
we can only say that L_ Ut+uj 13 ' 1 is finite since T + A u 13 ^ 1 is more H-regular than 

v; err. 

Now, we improve the previous results and we show that the measure gives 
no mass to pluripolar sets (hence analytic sets). The proof relies on a space of 
test functions introduced by Dinh and Sibony in [29] and studied by the second 
author in [53]. Recall that the space W /1,2 (P fc ) is the set of functions in L 2 whose 
differential in the sense of currents can be represented by a form in L 2 . The space 
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W*(P k ) is the set of functions <p in W 1,2 (F k ) such that there exists a positive closed 
current of bidegree (1,1) satisfying: 

dip A d c ip < S<p. (3.15) 

For if G W*, we define the norm: 

IMI* = IMIi 2 + m f | m ( , S')? S closed, satisfying (13.151) |. 

Let ip be a qpsh function in W*(F k ). Consider the regularization ip n of ip obtained 
through an approximation of the identity in PGL(/c + 1, C). Let S be minimal in 
(|3.15l) for ip and let S n be the smooth regularization of S obtained through the 
same approximation of the identity. Using Lemma 5 in [53], we have 

• ip n "decreases" to ip. 

• dip n A d c ip n < S n , and m(S n ) — > m(S) thus lim H^nll* = ll^ll*- 

If ip is a qpsh function in F k with ip < —2, then if} := — log— (p is in W*(F k ), 
thus for every pluripolar set in F k there exists a qpsh function in W*(F k ) equal 
to — oo on that set (see Example 1 p. 253 in [53]). In particular, if the qpsh 
functions in W*(F k ) are integrable for a measure, the measure cannot give mass 
to the pluripolar sets. We can now state the theorem: 

Theorem 3.3.13 The measure \x gives no mass to pluripolar sets (hence analytic 
sets). More precisely, there exists C > such that for ip < a qpsh function in 
W*(F k ), we have that: 

Hn<c\\ip\u. 

Proof. Let ip and ip n be as above. Recall that G is the potential of T + . Let T+ 
and T~ be sequence of smooth currents in C\ converging to T + and T~ in the 
Hartogs' sense. Then \i m = (T+) s A (T m ) k ~ s converges to /i in the Hartogs' sense 
by Proposition IA. 1.151 Let G m be the associated potential of T+. Using Stokes' 
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formula and Cauchy-Schwarz inequality, we have that: 



dfi r . 



< 



+ 



Mdd c G m + uj) A (T+y- 1 A (T m ) k -° 
J A d c G m A (T+y- 1 A (T-) 
J ^ A (T+) s ~ 1 A (T-) fe - 



< / # n A d^ n A (T+y 1 A (T-) 



x f / dG m A d c G m A (T+y 1 A (T„ 



k—s 



\k—s 



+ 



f A (T+y 1 A (T~) 



k—s 



Let S n be the positive closed current of bidegree (1,1) such that dip n A d c ip n < S n . 
Using again Stokes' formula for the second term of the product yields: 



j ^ m < (| S n A (T+y- 1 A (T m ) 



k—s 



x - / G m dd c G m A (T+y- 1 A (T-) 



k—s 



+ 



J i, n u A (T^ 1 A (T-) 



k—s 



We let m go to oo, we have that \J i/JndfJ, m \ converges to \J ijj n dfj,\. 

J s n a (T+y- 1 a (T-y- 



converges to (/ S n A T+_ 1 A T k _ s ), and \f ip n uj A (T+) s 1 A (T m ) k s \ converges to 
|J f„wA T+_ x A T~_ s | . The term: 

J c m dd c G m a (T+y- 1 a (T-y-° = I c m (T+y a (T m y- s 

- [ G m LO A (T+y- 1 A (T~) k - S 



can be rewritten as: 

WiCC, {T+y A (T m ) k -' s ) — U\(T+, to A (T+y 1 A (T')^) 
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which by Hartogs' convergence goes with m to: 

Wi(T + , n) - U^(T + , lu A r+ j A T fc - J 

which is finite by Theorem 13.3.11 (observe that u) A Tjt-i A T fe l s is more H-regular 
than jj). So we have that: 



IpndfJ, 



<C[ S n A T+ ! A T) 



fc— s 



where C 2 = Ui(T + , /i) — Ui(T + , oj A T s 1 l 1 A T fc _ s ) is a constant. 

i 

The term (J S n A T^_ 1 A T ks j 2 is controlled by H^H* + £ for n large enough 
because 5 n is smooth so that wedge-product is well defined and the mass can be 
computed in cohomology. 

We use an induction to control in the same way the term \f ip n u A Tjt_i A T k ~_ s \ 
(at the last step, we have a term in J —ip n u) k ). Since for n large enough we have 
HVVill* ^ ll^ll* + £ ( £ > 0), we have proved that: 



IpndfJ, 



<C(U\U + e). 



By monotone convergence and letting e — > 0, we have the theorem. 



□ 



3.3.3 Mixing, entropy and hyperbolicity of fi 

We now prove that \i is mixing, that is lim n ^ 00 /i(^ o f n ) = /j,(<p) fj,(ijj) for ip and 
i/j smooth functions on F k . Here the function ipo f n is not smooth, so by definition 
/J,((pip o f n ) is the integral of ipip ° f n on F k \ I(f n ) for the measure \i which gives 
no mass to I(f n ). Recall that I(f n ) C C(f n ). 
We need the classical lemma ([51] and |41j): 

Lemma 3.3.14 Let if) be smooth function on F k , then the sequence of currents 
(if; o f n T^) n converges to cT s + where c = n(if>). Moreover, we have that \\d(if) o 
f n T+)\\ and \\dd c (if) o f n T+) \\ go to zero. 

Proof. The norm \\d(if) o f n Tj~)\\ is the operator's norm on the space of smooth 
forms. 

We can assume that < if) < 1. Then, the sequence (if) 'o f n T+) n is bounded so 
we can extract a subsequence converging in the sense of currents to S > which 
satisfies S < T s + . In order to show that S is closed and that \\d(ipo f n T+) \\ — > 0, we 
only need to show that for every smooth (0, l)-form 9 we have that | (ipof n T+, d(9A 
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u k s goes to uniformly on 9 (see [H] p. 3 for details). In other words, we 
want to compute the limit of: 

/ if) o f n T+ A d{9) A u;*- 8 - 1 . 

JV k \I{f n ) 

We are going to use the technics of [50]. Let v < be a qpsh function equal to 
— oo on C(f n ) and smooth outside C(f n ). Let max' be a smooth convex increasing 
function approximating the function max + := max(i, 0) such that its derivative is 
less than 1. Let Vj = max'(v/j + 1). Then (vj) is an increasing sequence of smooth 
qpsh (iddvj + uj > 0) functions with < Vj < 1 converging uniformly to 1 on 
the compact sets of F k \C(f n ) and equal to on some neighborhood of C(f n ). Let 
a : [0, 1] — > [0, 1] be a smooth function equal to in [0, 1/3] and to 1 in [2/3, 1]. 
Then the sequence of functions v'j := a o Vj is equal to 1 on the compact sets of 
P fc \C(/ n ) for j large enough and is equal to on some neighborhood of C(f n ). 

Since T+ gives no mass to C(f n ), the previous quantity is the limit when j goes 
to oo of: 

(^ofT+^A^- 1 ). 
By Stokes' formula, it is equal to: 

-(v'jdty o f n ) A T+, 6 A u k - s ~ l ) - (V> o Pdiv'j) A T+, 6 A c/-^ 1 ). 

We apply Cauchy-Schwarz inequality for the first term of the sum, we bound the 
absolute value of the first term of the previous quantity by: 

((v'^Hdiff o f" AdiPof n AT+w'" 8 -^ x (i0 A6 AT+,u k - s - 1 )^. 

The second term of the product is bounded and does not depend on j and n 
(uniformly in \\9\\). For the first term, observe that : 

idtp o /" A dtp o f n A T+ = d- sn (f n )*(idtlj A dtp A T+) 

in the integral since f n is smooth on the support of v'j and one can multiply a 
positive closed current by a smooth form and take the pull-back by a smooth 
function. So, assuming that idip Adip < u, we have that the first term is less than: 

(d- m (f n )*(uAT+),U h -'- 1 )* = (S-(k-s)n 6 (k-s-l)n^ = 

which goes to when n goes to oo independtly of j. 
Now we have to control the term: 



(WofAT+^A^- 1 ). 
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We have that d(v'j) = a'(vj)dvj and observe that the sequence of functions (a'(vj)) 
is bounded and converges uniformly to on the compact sets of F k \C(f n ). We 
apply Cauchy-Schwarz inequality and we get that: 

(d($)il> o f n A T+, 6 A u^- 1 ) 2 < 
(idfa) Ad{ Vj ) AT+,u k - 8 - 1 )(i(a'(v j )) 2 6 A6 AT^u*' 8 - 1 }. 

The first term of the product is equal by Stokes' formula to: 

(—Vj A idd(vj) A T s + , a;* - * -1 ) 

Since < Vj < 1 and iddvj + uj > 0, it is less than: 

(VjU A T+, u k - s - 1 ) < (u A T+, uj*- 3 - 1 ) 

which is bounded independently of n and j. The second term of the product goes 
to when j —>■ oo uniformly on 9 by dominated convergence since Tj~ gives no 
mass to C(f n ). So letting j — > oo first, we see that: 

(i>of n T+,d(e) Ac/- 5 " 1 ) 

goes to when n — > oo uniformly on \\9\\. 

By Theorem 13.2.141 this shows that S = cT+. To compute c, consider (if) o 
f n T+ 1 uo k ~ s ) . It is equal to (T+ AA"^" 8 ),^): replace T s + by a smooth approxi- 
mation T+, then V ° f n L n {T+) = d~ ns (/")* (ipT+) , so 

o /»L»(l£), a;*-) = (T+ A A n (u k - S ), tl>) 

and let m go to oo. So we have (ip o f n T+,u k ~ s ) = (T+ A A n (u> k ~ s ), ip) because 
T s + A uj k ~ s gives no mass to I(f n ). 

By Theorem 13.3.11 we have that T s + A A n (uj k - S ) converges (in the Hartogs' 
sense hence in the sense of currents) to \i which means that c = In par- 

ticular, c does not depend on the choice of S and the first part of the lemma follows. 

Now we show that \\dd c (^ o f n T+)\\ goes to zero. Let 6 be a test form of 
bidegree (k — s — 1, k — s — 1). Again, we consider a smooth approximation of T s + 
that we denote T+. Using the fact that [ip o f n )L n (T+) = rf- sn (/")*(^T+), we 
compute: 

(^ofr(T m + ),tfe) = (d- sn (rr^T+),dd c &)} 

= (d- sn (rndd c (^)AT+),e). 
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Writing 6 = + — 0~ we can assume that 6 is positive (so < Bu k ~ s ~ l with 
B > large enough which depends only on ||0||). Let A > be such that 
—Auj < dd c tp < Auj. It is sufficient to control: 

(d- sn (f n y(u}AT+),u; k - s - 1 ). 

We recognize that this is equal by definition to d™ +1 d~ sn = 5~ n . We let m go to 
oo and we have that (dd c (ip o f n A 0) goes to with n uniformly on ||0|| . □ 

Theorem 3.3.15 The measure \i is mixing. 

Proof. Let tp and ip be real smooth functions on F k . We can assume without loss 
of generality that < ip, ip < 1. Then for S in Ck- S smooth, we have by the above 
lemma that: 

converges to: 

fi(ij)( V T+,S). 

We consider a sequence (Z^) of smooth currents in C\ converging in the Hartogs' 
sense to T~ (the Green current of order 1 of Then let m = (m 1? m 2 , . . . , m k _ s ) 
and ml = (m'^m^, ■ ■ ■ , fn' k _^) in N fe ~ s . We have that T mi A ■ • • A T~ converges 
to T k ~_ s in the Hartogs' sense when the go to oo. We decompose: 

^mi A • • • A T~ k _ s — T~, A • • • A T~,^ 

as: 

(T^-T~,)AT- 2 A...AT mk _ + 

^A(r- 2 -r-,)A..-AT- fc _ + 

As in the previous lemma, let (vj) be an increasing sequence of smooth qpsh 
(iddvj + u > 0) functions with < Vj < 1 converging uniformly to 1 on the 
compact sets of F k \C(f n ) and equal to on some neighborhood of C(f n ). 

We also define v'j := a o Vj with a : [0, 1] — > [0, 1] a smooth function equal to 

in [0, 1/3] and to 1 in [2/3, 1] so that the sequence of functions v'j is equal to 

1 on the compact sets of F k \C(f n ) for j large enough and is equal to on some 
neighborhood of C(f n ). 
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We consider the quantity (v'^ipip o f n T+, (T mi — T m , ) A • • • A T mk _ s ). Write 
Tf = uj + dd c gi where the gi are decreasing. By Stokes' formula, we have that: 

(v'^ o fT+ (T mi - T~, ) A • - • A T~ k J = 

-((^ ° f n dv' + v'^ o + v'pW o D A T s +, <f (<? mi - M ) A ■ • • A T~ k J. 

Write the last sum I + II + III with obvious notations. Using Cauchy Schwarz 
inequality for the first term, we have that: 

|/| 2 < (dvj A d c Vj A T+, T~ 2 A ■ • • A T mfc s ) x 
- »mi) A cT(# mi - g m > x ) A T+, T~ 2 A ■ • • A T~ k _ g ). 

As in the proof of the previous lemma, we have that this term goes to zero when 
j — > oo since a'ivj) converges uniformly to on the compact sets of F k \C(f n ). 

Now for 77, we use Cauchy Schwarz inequality and we have that: 
|//| 2 <{d<p A Ftp A T+, T- 2 A • • • A T~ k J 

(d{g mi - g m ' x ) A d c (g mi - g r< ) A T s +, T m2 A • • ■ A T mfc s ). 

The first term of the product is bounded as it converges to f dipAd c ipAT+A{T~) s ~ 1 . 
By Stokes, we recognize that the second term is equal to 

(-(g mi ~ 9m0 A dd c {g mi - g m[ ) A T s + , T~ 2 A • • • A T~ k _J = 
(-(fe - tfm'J A (T mi - T m , ) A T s +, T m2 A • • • A T" fc _ s ) = 
^ (T+ A T" A T" 2 A • ■ ■ A J - W T - (T+ A T~ A T~ 2 A • • • A T" fe _ s ) + 

W T - (T s + A T mi A T~ 2 A ■ ■ • A T~ h J - U T - (T s + A T~ A T m2 A ■ ■ ■ A T" fc _ J. 

Observe that this term goes to when the m i) m! i are large enough. Indeed recall 
that Ui(S,T) is continuous for the Hartogs' convergence (Lemma lA. 1.111) . so: 

^(tAi;,AT ro -A...AT;J 

converges to Ut-(^) which is finite and so does the other terms in the maj oration 
of 77 (the convergence is uniform else we could extract a subsequence which does 
not converge). 

Now we bound III. Applying Cauchy-Schwarz inequality gives: 

\III\ 2 <(|^| 2 # o r A d c ^ o r A T+, T" 2 A • • • A T~ k J 

(d{g mi - g m ' x ) A d c (g mi - g m{ ) A T s + , T ma A • • • A T~ k _) 
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Observe that the second integral is the same than in the bound of II so it goes to 
zero. For the first term of the product, we use that f n is smooth in the support of 
v'j and thus dip o f n A d c ip o f n = (f n )*(dip A d c tp) in the integral. We can assume 
that dip A d c ip < to. Using the invariance of T s + and the fact that v'j is equal to 
near C(/ n ), we have that (f n )*(to) A T+ = d~ sn {f n )*{u A T+) in the integral, so 
the first term in the bound of /// is less than: 

^((/ n )>AT/),T m2 A...AT mfc J. 

That last term can be computed cohomologically and is equal to 1} < 1. So 

as for II, we have that III goes to uniformly in n. 

Letting j go to oo, we have that 

(<t4 o fT?, T" x A ■ ■ ■ A T- fe _ s - A • • • A T~,J 

converges uniformly to 0. In particular, we can interchange the limit in: 

limlim((^ ° F)Tt,T~ A • • • A T~ J 

m n 

which gives hm ri //(^70 o f n ) = fj,(<f)/i(ip) hence the mixing. □ 



We now show that the measure \i satisfies the hypothesis of Chapter [2] and we 
deduce from that a bound of its entropy. Recall that we denote by \i n the sequence 
of probabilities: 



_l^Afi ( (f n )*uj s Auj k ~ s \ 



i=0 

In our case, using Lemma [A.2.21 we can write it as: 

n-l 

n 



1 n— 1 

^ = -y;L n -v)AAV a )- 



i=0 



We consider the hypothesis (H) : there exists a subsequence fi^( n ) of \i n converging 
to a measure fj,' such that: 

(H) : lim / \ogd(x, I)dfi^r n )(x) = / log d(x, I) dfx'ix) > — oo. 

n->+ooJ J 

In here, we do not need to take a subsequence: 
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Proposition 3.3.16 The sequence (/i n ) converges to fx and satisfies the hypothesis 
(H). 

Proof. Let ip be a smooth test function. Choose e > 0. By Theorem 13.3.11 since 
L n ~ l {uj s ) and k l {uj k ~ s ) converge in the Hartogs' sense, Proposition IA. 1 . 15l assures 
us that L n ~ l {uj s ) A A l {ui k ~ s ) converges in the Hartogs' sense to fx. So we have for 
yjn < i < n — y/n and n large enough thatlL" --4 ^*) AA l (u; fe ~ s )(</?) — fx{ip) | < e. The 
fact that (/i n ) goes to /i follows since they are o(n) terms for which the estimation 
does not stand. 



Now, by Lemma IA.2.51 we see that there exist constants A i>n > such that 



^L n ~ i {uj s )AA i (uj k - B ) > Up — Ai >n with A it n uniformly bounded from above by C and 
arbitrarily close to zero for % and n large enough. We consider super-potentials of 
mean 0. In particular: 

^ n— 1 

So we have that the sequence /i„ is more H-regular than \i for all n. We also 
have the convergence in the Hartogs' sense to fx since - Y^Zq Ai,n g° es to when 
n — > +oo. 

Thus fx n {G) — > fx{G) which is finite by Theorem 13.3.11 where G is a nega- 
tive potential of the Green current of order 1 that we denote T + . Since T + is 
less H-regular than L(ui), we have that if Ul( w ) is a quasi-potential of L(u) then 
fJ>n{UL(u)) ~^ ^{Ul{u)) which is also finite. By Lemma [3.2.11 we have that: 

AU LH (x) < logdist(x,/ + ) 

for A > large enough. We denote ip := logdist(x, Since fx gives no mass to 
I + that means that AUl^ u ){x) < if < for fx a.e point, so we have that ip G L 1 ^). 
We have the classical lemma: 

Lemma 3.3.17 Let v n be a sequence of measures converging to v in the sense of 
measures. Then for v an upper semi- continuous function, we have that 

limsupz/ n (f) < v(v). 

Proof. Recall that an use function can be written as the limit of a decreasing 
sequence of continuous functions. So for some small a > we can take v' > v a 
continuous function such that J v'dv < f vdu + a by monotone convergence. In 
particular: 

vdv n < / v'dv n — > / v'dv < / vdu + a. 
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And the result follows by letting a — > 0. □ 

End of the proof of the proposition. Now, (p is upper semi-continuous, so: 

limsup/i n (y?) < /i(y?) 

We also have that (A+ 1)Ul{w) — <p is upper semi-continuous (we use the fact that 
it is equal to — oo on I + ). That and // n (^L(u;)) —* h(Ul(w)) give: 

liminf> n (<£>) > fi((p). 

This is exactly the fact that \i satisfies Hypothesis (H). □ 

We can now apply Theorem [T] to get the proposition: 

Theorem 3.3.18 The topological entropy of f is greater than \ogd s = slogd. 
More precisely, the entropy of \i is greater than slogd. 

On the other hand, the topological entropy is always bounded by max < s <i log d s 
(see [26j for the projective case and [21] for the Kahler case). So we have the 
fundamental result: 

Theorem 3.3.19 The topological entropy of f is equal to logd s . Moreover, the 
entropy of /i is equal to slogd so /i is a measure of maximal entropy. 

This allows us to use the first author's estimate of the Lyapunov exponents 
(Corollary 3 in [IH]). To apply that result, we need to have that log(dist(x, C + )) is 
integrable with respect to fi. For that observe that the function Ul{u) is integrable 
with respect to \i. By invariance, /*(£7l(<j)) is also integrable. Write Ul{J) as in 
Lemma l3.2.1t 

Ul(uj) — d" 1 log |F| 2 — log \Z\ 2 , 

where / = [P x : • • • : P k+1 ] and F = (P x , . . . , P k+1 ). Write f' 1 = [Q x : • ■ • : 
Qk+i] where the Qi are homogeneous polynomials of degree 5 and write F^ 1 = 
(Qx, . . . , Qk+i)- There is of course an abuse of notation since FoF^ 1 ^ Id instead, 
we have that: 

F o F~ l = P(z u z k+1 ) x (zi, z k+1 ) , 

where P is an homogeneous polynomial of degree d8 — 1 equal to in 7r _1 (C~) and 
7r : C k+1 — > P fe is the canonical projection. Then, we have that: 

/„(i log |F| 2 - log \Z\ 2 ) = ~ log \F o F' 1 ! 2 - log \F-\Z)\\ 

We recognize d" 1 log \F o F~ l \ 2 — 5\og \Z\ 2 + 5\og \Z\ 2 — log \F~ l (Z)\ 2 . But 

5\og\Z\ 2 -\og\F-\Z)\ 2 = -5U K[UJ) 
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is in L 1 ^) and by difference, so is d 1 log|F o F 1 \ 2 — 5\og\Z\ 2 . As in Lemma 
13.2.11 we then have that logdist(., C~) is in Similarly, so is logdist(., C + ) is 

in L 1 ^). 

Theorem 3.3.20 The Lyapunov exponents Xi > X2 > • ' ' > Xk of fi are well 
defined and we have the estimates: 

1, d s 1 , 
Xi > ■ • ■ > Xs > g lo s ^— = 2 lo S " > 

n 1 1 r 1 1 d s+ \ 

> -- log 5 = - log -p > x s +i > ■ • • > Xfc- 
In particular, the measure fi is hyperbolic. 
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Appendix A 
Super-potentials 



A.l Definitions and properties of super-potentials 

We recall here the facts and definitions we use on super-potentials. Everything in 
this section was taken from [32] so we refer the reader to this paper for proofs and 
details. 

Recall that C s is the convex compact set of (strongly) positive closed currents 
S of bidegree (s,s) on F k and of mass 1. To develop the calculus, we have to 
consider C s as an infinite dimensional space with special families of currents that 
we parametrize by the unit disc A in C. We call these families special structural 
discs of currents. The notion of structural varieties of C s was introduced in [28] . 
In some sense, we consider C s as a space of infinite dimension admitting "complex 
subvarieties" of finite dimension. For S in C s , it is always possible to construct a 
special structural variety : A — > C s such that <p(0) = S and (p(z) is a smooth 
form for z ^ 0. 

Let S be a current in C s with s > 1. If U is a (s — 1, s — l)-current such that 
dd c U = S — oj s , we say that U is a quasi-potential of S. The integral (U, u k ~ s+1 ) 
is the mean of U. Observe that such quasi-potential is defined up to a dd c -c\osed 
current. For s = 1 such functions are constant a.e., but in the general case, they 
can be singular currents. Nevertheless, we have the proposition: 

Proposition A. 1.1 Let S be a current in C s . Then, there is a negative quasi- 
potential U of S depending linearly on S such that for every r with 1 < r < k/ (k—1) 
and for 1 < p < 2k/ {2k -I) 

\\U\\ C r<c r and ||tfl7||£p<c p 
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for some positive constants c r ,c p independent of S. Moreover, U depends contin- 
uously on S with respect to the C topology on U and the weak topology on S . 

We are going to introduce a super-potential associated to S. It is an affine upper 
semi-continuous function Us defined on Ck- s +i with values in RU {— oo}. For R G 
Ck-s+i smooth, we define the super-potential of mean M of S by Us(R) '■= (S, Ur) 
where Ur is a quasi-potential of R of mean (Ur,cu s ) = M. The integral (S,Ur) 
does not depend on the choice of Ur with a fixed mean M. If S is smooth, we have 
Us(R) = {Us, R) where Us is a quasi-potential of S of mean M. Now assume that 
R is not smooth. Consider the above special structural variety ip : A — > Ck- s +i 
associated to R G Ck- s +i and write Rg for <p(Q). Then the function u(6) := Us(Rg) 
defined on A* can be extended as a quasi-subharmonic function on A. Let (Sg) 
and let (Rg) be special structural disks associated to S G C s and R G Ck- s +i- 
Then we have the proposition: 

Proposition A. 1.2 The function Us can be extended in a unique way to an affine 
upper semi continuous function on Ck- s +i with values in RU { — oo} ; also denoted 
by Us, such that 

Us(R) = \imUs e (R) = \imUs(Rg). 

In particular, we have 

Us(R) = limsupWs'(-R') with R' smooth. 

R'^R 

Moreover, there is a constant c > independent of S such that if Us is the super- 
potential of mean m of S, then Us < m + c everywhere. 

Super-potentials determine the current, more precisely, we have the proposition: 

Proposition A. 1.3 Let I be a compact subset in F k with (2k — 2s) -dimensional 
Hausdorff measure 0. Let S, S' be currents in C s and Us, Us' be super-potentials 
of S, S'. If Us = Us' on smooth forms in Ck~ s +i with compact support in P fc \ /, 
thenS = S'. 

For 1 = 0, this tells us that the values of the super-potential on smooth forms 
determine uniquely the current. 

A crucial notion to prove the convergence of currents is the following: 

Definition A. 1.4 Let (S n ) be a sequence in C s converging to a current S . LetUs n 
(resp. Us) be the super-potential of mean M n (resp. M) of S n (resp. S). Assume 
that M n converge to M. IfUs n > Us for every n, we say that (S n ) converge to S 
in the Hartogs' sense. If a current S' in C s admits a super-potential Us> such that 
Us 1 > Us we say that S' is more H-regular than S. 
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Smooth currents are dense for the Hartog's convergence, more precisely: 

Proposition A. 1.5 Let S e C s and let U be a super-potential of S of mean M. 
There is a sequence of smooth forms (S n ) in C s with super-potentials U n of mean 
M n such that 

• supp(S n ) converge to supp(S); 

• S n converge to S and M n — > M; 

• (U n ) decreases to U. 

We have the following convergence theorem: 

Proposition A. 1.6 Let (S n ) be a sequence in C s converging to a current S. Let 
Us n (resp. Us) be the super-potential of mean M n (resp. M) of S n (resp. S). 
Assume that M n converge to M . Let U be a continuous function on a compact 
subset K of Ck- s +i such that Us < U on K. Then, for n large enough we have 
Us„ <U on K. In particular, we have limsupWs n < Us on Ck- s +i- Furthermore, 
if S n — > S in the Hartogs ' sense, then Us n — > Us pointwise. 

In Ck-s+i, they are points which are more "regular" than other, namely smooth 
forms. This is a difference with psh functions. In particular, it is often easier to 
obtain the convergence at such points: 

Proposition A. 1.7 Let (S n ) be a sequence in C s and Us n be super-potentials of 
mean M n of S n . Assume that (Us n ) converges to a finite function U on smooth 
forms in Ck- s +i- Then, (M n ) converges to a constant M, (S n ) converges to a 
current S and U is equal to the super-potential of mean M of S on smooth forms 
in Ck-s+i- 

The following is the main argument to get the convergence of the Green current: 

Proposition A. 1.8 Let Us n be super-potentials of mean M n of S n . Assume that 
Us n decrease to a function U ^ — oo. Then, (S n ) converges to a current S, (M n ) 
converges to a constant M and U is the super-potential of mean M of S. 

In particular, the convergence at one point of the super-potentials gives the con- 
vergence of the currents in the Hartogs' sense in the case of decreasing super- 
potentials. 

An interesting symmetry result is that if Us and Ur are super-potentials of the 
same mean M of R and S respectively, then Us(R) = Ur(S). 

There is a notion of super-polarity for Borel subsets E oiCk- s +\- This notion 
does not describe "small" sets E but rather how singular are the currents in E. 
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Definition A. 1.9 We say that E is super-polar in Ck- s +i if there is a super- 
potential Us of a current S in C s such that E C {Us = — 00} . 

Denote by £/ the set of currents cR + (1 — c)i2' with R <E E, R' £ Ck- s +i and 
< c < 1, and £ the barycentric hull of E 1 , i.e. the set of currents J Rdv(R) 
where v is a probability measure on Ck- s +i such that v(E) = 1. Then, E and 
are convex. 

Proposition A. 1.10 The following properties are equivalent 

1. E is super-polar in Ck- s +\. 

2. E is super-polar in Ck- s +x ■ 

3. E is super-polar in Ck- s +i ■ 

Moreover, a countable union of super-polar sets is super-polar. 

One of the purposes of super-potentials is to define the wedge product of current 
(see Section 4 in [32]). We define a universal function U s on C s x Ck- s +i by 

U S (S,R) :=U S (R)=U R (S) 

where Us and Ur are super-potentials of mean of S and R. The function U s is is 
u.s.c. on C s x Ck-s+i- It even enjoys a nice continuity for the Hartogs' convergence: 

Lemma A. 1.11 Let (S n ) n >o and (R n ) n >o be sequences of currents in C s and 
Ck-s+i converging in the Hartogs' sense to S and R respectively. Then, U s (S n , R n ) 
converge to U S (S } R). Moreover, if'U s (S, R) is finite, then U s (S n , R n ) is finite for 
every n. 

We have the proposition: 

Proposition A. 1.12 Let s\ G N* and s 2 G N* with s\ + s 2 < k. The following 
conditions are equivalent and are symmetric on R\ G C Sl and R 2 G C S2 : 

1. U Sl (Ri, R 2 A n) is finite for at least one smooth form in Ck~ sl - S2 +i- 

2. U Sl (Ri, R 2 A Q) is finite for every smooth form Q in Ck- ai s 2 +i- 

3. There are sequences (-Ri, n )n>o i n C Si converging to Ri and a smooth form Vt 
in Ck- sl - S2 +i such that U sl (Ri jn , R 2 , n A O) is bounded. 

Definition A. 1.13 We say that Ri and R 2 are wedgeable if they satisfy the con- 
ditions in Proposition \A.1.12\ 
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Assume that Ri G C Sl and R 2 G C S2 are wedgeable. For every smooth real form f 
of bidegree (k — s\ — s 2 , k — s\ — s%), write dd c (p = c(Q + — fi~) where Q are smooth 
forms in Ck- Sl -s 2 +i an d c is a positive constant. We define the wedge-product (or 
the intersection) Ri A R 2 by its action on the smooth forms by: 

(R% A R 2 , <f) := (R 2 ,uj Si A if) + cU Sl (R u R 2 AVt + ) -cU Sl {R 1 ,R 2 A fT). (A.l) 

The right hand side of fjA.lh is independent of the choice of c, and depends 
linearly on if. Moreover, Ri A R 2 defines a positive closed (si + s 2 , si + s 2 )-current 
of mass 1 with support in supp(-Ri) H supp(i?2) which depends linearly on each Ri 
and is symmetric with respect to the variables. The notion of wedgeability behave 
well with the notion of H-regularity: 

Lemma A. 1.14 Let Ri and R\ be currents in C Si . Assume that R\ and R 2 are 
wedgeable. If R[ is more H-regular than Ri for i = 1,2, then R[ and R' 2 are 
wedgeable and R[ A R' 2 is more H-regular than R\ A R 2 . 

We will use the following proposition in the construction of the equilibrium mea- 
sure: 

Proposition A. 1.15 Let R\, R 2 be wedgeable currents as above and Ri >n be cur- 
rents in C Si converging to Ri in the Hartogs' sense. Then, R\^ n , R 2>n are wedgeable 
and Ri tn A R 2 ^ n converge to R\ A R 2 in the Hartogs' sense. 

For several currents (more than 2), the notion of wedgeability is defined by induc- 
tion: that is Ri, R 2 and R 3 are wedgeable if R\ and R 2 are wedgeable and Ri AR 2 
and i? 3 are wedgeable. One shows that this definition is in fact symmetric in the 
Ri and we have Proposition IA. 1 . 15l for several currents. 

An interesting subcase is when we consider currents Ri, . . . , Ri such that Ri is 
of bidegree (1,1) for i > 2. For 2 < i < /, there is a quasi-psh function m on F k 
such that 

dd c Ui = Ri — uj. 



Lemma A. 1.16 The currents R\,...,Ri are wedgeable if and only if for every 
2 < i < I, Ui is integrable with respect to the trace measure of R± A ... A R4-1. In 
particular, the last condition is symmetric with respect to R 2 , ■ ■ ■ ,Ri- 

If R 2 has a quasi-potential integrable with respect to Ri, it is classical to define 
the wedge-product Ri A R 2 by 



Ri A R 2 := dd c {u 2 Ri) + u> A R±. 
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One defines Ri A . . . A Ri by induction. These two definitions coincide. 

The other use of super-potentials is to define pull-back and push-forward of 
current by meromorphic maps (see section 5.1 in [32]). We state the result in the 
case where / is birational although the results are true in the case where / is just 
meromorphic. Recall that pull-back and push-forward of a current are defined 
formally by formulae (13.ip and (13.21) of the previous section: 

rOS9 :=(*!).(*£(£) A [T]) 
f.(R):=fa).(nt(R)A\T]), 

where [r] is the current of integration of T. We denote by I + := /(/) and I = 
I'(f) = Hf 1 ) the indeterminacy sets of / and 

In particular, for a current in R G Ck- s +i smooth near J + the push-forward is 
a well defined positive closed (k — s + l,k — s + l)-current and the mass A s _i of 
f*(R) does not depend on R. Similarly, for a current S in S G C s smooth near I~ 
the pull-back is a well defined positive closed (s, s)-current and the mass of f*(S) 
is equal to A s . So as above we define for these currents A(R) = Xj^f^R) and 
L(S) = Xj 1 f*(S) (the normalized push- forward and pull-back). 

Using the theory of super-potentials we can extend these definitions to other 
currents. Namely, we say that a current S G C s is /* -admissible if there exists a 
current Rq G Ck- s +i which is smooth on a neighborhood of I + such that the super- 
potentials of S are finite at A(Rq). For such S, if (S n ) is a sequence of currents 
converging in the Hartogs' sense to S then S n is /*-admissible and (X s )~ 1 f*(S n ) 
converges in the Hartogs' sense to a limit independent on the choice of (S n ) that 
we denote (A s ) _1 /* (S) (in particular f*(S) is of mass A s ). In other words, we have 
the continuity result: 

Theorem A. 1.17 Let S be an f* admissible current. Let S n be a sequence con- 
verging to S in the Hartogs' sense, then S n is f* -admissible and L(S n ) converges 
in the Hartogs' sense to L(S). 

We say that S is invariant under f* or that S is f* -invariant if S is /*-admissible 
and L(S) = S. 

Proposition A. 1.18 Let S be an f* -admissible current in C s . Let Us, Ul{uj s ) 
be super-potentials of S and L{uj s ). Then X^Xs-iUs o A + Ul{u)») is equal to a 
super-potential of L(S) on R G Ck- s +i, smooth in a neighbourhood of I + . 

Similarly, one define push-forward of currents. We remark that an element in 
S G C s smooth near J" is /*-admissible and that the two available definitions of 
L(S) coincide. 
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A. 2 Additional properties 

We state now some properties of the super-potentials that we need. Recall that 
/ is a birational map of F k satisfying Hypothesis 13.1.71 and that s is such that 
dim(/ + ) = k — s — 1 and dim(/~) = s — 1. 

Lemma A. 2.1 Let Si G C ri and S2 G C r2 be wedgeable currents with r% + r 2 < k. 
There exist super-potentials Us 1 as 2 , ^Si andUs 2 of Si A Si and S2 such that: 

U SlAS2 (R) = U Sl (R A S 2 ) + U S2 (R A c^ 1 ) 

for all R G Cfc_ ri _ r2 _|_i such that R and S2 are wedgeable. 

Proof. Let Si n and S 2iTn be sequence of smooth currents in C ri and C r2 converging 
to Si and S2 in the Hartogs' sense. If Us ln and Us 2m are smooth quasi-potentials 
of Si )n and S 2 , m , then: 

Si, n A S 2 , m = dd c (U Sl!n A S 2 , m + U S2 , m A u n ) + L0^ +r \ 

So, if Us ln AS 2 mi Msi„ an d Ms 2m are super-potentials of mean of the currents, we 
have for any R in Ck- ri -r 2 +V 

U Sl , n AS 2 jR) = U Sl JS 2 , m A R)+U S2 ^ A R)-U Sl JS 2>m A u k ~ r ^ +l ). 

Now, we take R such that R and S2 are wedgeable. We let n — ► 00. By Proposition 
IA.1.151 Si )Tl A S2,m converges in the Hartogs' sense to Si A S^m- So by Proposition 
IA.1.61 we have that: 

U Sl AS 2 , m (R) = U Sl (S2, m A R) + W S2 , m (a;'' 1 A R) - U Sl {S 2 , m A u k - r ^ +1 ), 

where the super-potentials are of mean 0. Similarly, we let m — ► 00. Recall 
that S 2 ,m A R converges to S 2 A R in the Hartogs' sense, hence Us 1 (S 2)Tn A R) = 
Us 2im /\R,{Si) converges to Us 2 /\r{Si) . So we have indeed: 

U Si as 2 (R) = U Sl (S 2 A R) + U S2 A R) - U Sl (S 2 A u k ~ r ^ +l ). 

Since Us^Sz A UJ k - r ^- r 2+ 1 ^ d oes no t depend on R and is finite because Si and S2 
are wedgeable, we can add it to Us 1 as 2 an d we have the lemma. □ 

Lemma A. 2. 2 Let Ti G C n 6e an f ^-admissible current with ri > k — s. Let 
T 2 G C r2 6e an /* -admissible current with r\ + r 2 < sae/i £na£ £(T 2 ) and Ti 
are wedgeable and L(T 2 ) ATi «s f ^-admissible. Assume also that T 2 and A(Ti) are 
wedgeable. Then: 

A(T(T 2 ) A Tx) = T 2 AA(Tx). 
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Proof. Assume first that T 2 is smooth. Let T ln and L 2 ^ m be sequences in C ri and 
C r2 converging in the Hartogs' sense to T\ and L{T 2 ). Let 6 be a smooth current 
of bidegree k — r\ — r 2 . When n and m goes to oo, A(L 2 , m A Ti >n ) converge to 
A(L(T 2 ) ATi) in the sense of currents by Propositions I A. 1 . 15l and [A. 1 . 1 71 We want 
to show that: 

(T 2 A A(Ti), 6) = (A(L(T 2 ) A T,), 9) 

for all 9 smooth. 



First assume that 9 is closed and (strongly) positive. Up to a multiplicative 
constant, we assume that 9 G Ck~ ri -r 2 - Since everything is smooth: 



(A(L 2 , m ATi, n ),e> 



(L 2 , m ATi, n ,L(0)) 
(T ljn ,L 2 , m AL(9)). 



Since L 2j?n converges to L(T 2 ), we have that L 2jm AL(9) converges to L(T 2 A 9) in 
the sense of currents. Indeed, the sequence {L 2>m A L(G)) m is of mass 1. We can 
extract a converging subsequence (in the sense of currents) . Observe that its limit is 
less than L(T 2 ) A L(u k ~ ri ~ r2 ) which gives no mass to I + by dimension's arguments. 
So its limit gives no mass to I + either. But outside J + , L 2)TO A L(Q) converges to 
the smooth form L(T 2 ) A L(Q). That implies that L 2;m A L(Q) converges to the 
trivial extension of L(T 2 ) A L(Q) which is equal to the form L(T 2 A 9) which has 
coefficients in L 1 (as in Lemma [2.1.11 test the convergence against a smooth form 
^ and write it ^ + (1 — where ^ is a cut-off function equal to 1 in a small 
neighborhood of 

So, letting m — » oo and using the fact that T 2 A 9 is smooth: 

(T lin ,L(T 2 A9)) = (A(T 1>n ),T 2 A9) 
= (T 2 AA(T 1>ft ),e). 

Now, we let n — > oo, A(T l n ) converges to A(Ti) in the Hartogs' sense (Proposition 
IA.1.171) hence Proposition IA. 1.151 gives that T 2 A A(T l n ) converges to T 2 A A(T X ) 
in the sense of currents. So we have indeed that: 



(T 2 A A(Tx), 9) = (A(L(T 2 ) A T x ), 9) 

for 9 closed. 



Now, for 9 not necessarily closed, we can assume that 9 is positive and 9 < 
Cu k ~ ri ~ r2 for C large enough. Again, we have that 

(A(L 2im AT 1 , n ),9) = (T 1 AM. 
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The positive current L 2m A L(Q) is less than CL 2m A L{uj k Tl T2 ) so it is of mass 
less than C. We can extract a converging subsequence (in the sense of currents). 
Observe that its limit is less than C L{T 2 ) M{uo k - ri ~ r2 ) = CL(T 2 Acu k ' ri - r2 ) which 
gives no mass to I + by dimension's arguments. So its limit gives no mass to I + 
either. Again outside I + , L 2 ^ m AL(G) converges to the smooth form L{T 2 ) AL(0). 
That implies that L 2m A L(Q) converges to the trivial extension of L{T 2 ) A L(Q) 
which is equal to the form L(T 2 A 6) which has coefficients in L 1 . We have again 
that: 

(T lin ,L(r 2 Ae)> = (r 2 AA(7\ )n ),e). 

That gives the conclusion as before. 

Now, for T 2 not necessarily smooth, we can approximate T 2 by a sequence of 
smooth currents converging in the Hartogs' sense to T 2 . Since both members of 
the equality: 

A(L(T 2 ) A TO =T 2 AA(Tx), 

depend continuously on T 2 for the Hartogs' convergence (wedge-product, pull-pack 
and push-forward are continuous for the Hartogs' convergence) we get the lemma 
from the smooth case. □ 

Some of the hypothesis of the following lemma are not necessary, but the fol- 
lowing version is enough for our purpose: 

Lemma A. 2. 3 Let Si, S 2 and S3 in C ri , C r2 and C r3 with r\ + r 2 + r 3 = k + 1. 
Assume that S 2 is smooth and that L(S 2 ) and S3 are wedgeable. Assume that 
L(S 2 )ASs is /*- admissible. Assume also that the super-potential Us l of Si is finite 
at A(L(S 2 ) A S3). Finally, we also assume that Si is f* -admissible, that S3 and 
L(Si) are wedgeable and that their wedge product is finite at the super-potential 
Ml(s 2 ) °f L{S 2 ). Then we have the formula: 

U Sl (A(L(S 2 ) A S 3 )) =(t^-) [U l{S2) {S3 A L(Si))-U l{S2) (S 3 A L(u n ))) 

A ri _i 

+ W 5l (A(^ 2 A5 3 )) 

Proof. First, observe that ui ri is more H-regular than Si hence L{uj ri ) is more H- 
regular than L(Si). So, we have that S3 and L{u ri ) are wedgeable and S3 M(w ri ) 
is more H-regular than S3 A L(Si). In particular, Ul(s 2 )(^3 A L{ui ri )) is finite. 
Similarly, the expression Ws 1 (A(c<j r2 A S3)) is finite and everything is well defined 
in it. 

Let Si jTni , L 2tm2 and S3 t7n3 be sequences of smooth currents converging in the 
Hartogs' sense to Si, L(S 2 ) and S3. Let £/i )jni and U 2trH2 be smooth quasi-potential 
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of Si >mi and L 2 ^ m2 . For smooth currents, we have the identity: 

MSi tmi {A~(Li2 im2 A S 3jm3 )) = (Ui >mi , A(iv2,m2 A ^^j) 

= ((\-i-i(/)) f*(Ui t mi), L2 >m2 A S 3tm3 ) . 

By Stokes, we recognize: 

((X ri -i(f))- 1 f*(U limi ),u n A S 3 , m3 > + (dd c ((A ri _i(/)) _1 /*(^i,mi)), ^2, m2 A S 3 , m3 >. 
Since /* commutes with dd c , we have that 

dd c ((\ ri -x (f) ) ~ x f*{U 1>mi ) ) = (\ ri -i(f)y 1 f*(S 1 , mi -a/ 1 ) 

The lemma follows then by letting mi then m 2 then m 3 go to 00 and using the 
continuity of the wedge product, the pull-back, push- forward and value at a point 
for the super-potential for the Hartogs' convergence. □ 

We also have the following integration by parts lemma: 

Lemma A. 2. 4 Let Si, S 2 and S3 in C n , C r2 and C r3 with r\ + r 2 + r 3 = k + 1. 
Assume that the Si are two by two wedgeable. Then if Us 1 and Us 2 are super- 
potentials of Si and S 2 finite at S 2 A S3 and Si A S3: 

U 3l (S 2 A S 3 ) - U Sl A S 3 ) =U S2 (SiAS 3 )- U S2 (a/ 1 A S3) 

Proof. First observe that u r2 A S 3 and uf 1 A S 3 are more H-regular than S 2 A S 3 
and Si A S 3 so every term is finite. 

Now, if every term is smooth, we write Us 1 and Us 2 quasi-potentials of Si and 
S 2 . By Stokes: 

U Sl (S 2 A S 3 ) - U Sl K' 2 A S 3 ) = (U Sl , S 2 A S 3 - ^ A S3) = (U Sl , dd c U 2 A S 3 ) 

= (dd c U Sll U 2 A S 3 ) = (Si, U 2 A S 3 ) - (uj r \ U 2 A S 3 ) 
= U S2 (Si AS 3 )-W 52 (^ ri A S 3 ). 

And the result follows in the general case by Hartogs' convergence. □ 
We also have the following refinement of Lemma [A. 1 . 141 whose proof is similar: 
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Lemma A. 2. 5 Let Ri tJl and R 2)Tn be sequence of currents inC pl andC P2 converging 
in the Hartogs' sense to Ri and R2 which are wedgeable. Then there exists a 
constant A n m > such that 

^Ri,„AR 2 ,m — MR1AR2 ~ Ai,m 

where the super-potentials are of mean and where A n , m is uniformly bounded 
from above in n and m and is arbitrarily small for n and m large enough. 

Proof. By Lemma LA. 1.141 Ri jTl and i?2,m are wedgeable. 

The symbols U and U below denote quasi-potentials and super-potentials of 
mean 0. Assume first that all the terms are smooth. By hypothesis, there is a 
constant a such that UR ln +a > Ur 1 &ndU R2 m + a > Ur 2 . Write r = k—p\—p 2 + \. 
Consider a smooth form R in C r and choose U R smooth. We have the computation: 

ZV»a* 2 ,J#) = (R 1 ,nAR 2 , m ,UR) = (R 2 , m ,LU^AUR) + (R hn -Lu p \R 2 , m AU R ) 

= {R 2>m , u p ' A U R ) + (dd c U Rhn , R 2>m A Ur) 

= (R 2 , m , oo pi A U R ) + (U Rl>n , R %m A dd c U R ) 

= (R 2im , ^ A U R ) + U Rhn (R 2 , m A R) - U Rltn (R 2jm A u r ). 

= U R (R 2 , m A uj p i) +U Rl jR 2 , m A R) -U Rl:n (R 2>m A u r ). 

And that identity holds when the currents are not smooth by Hartogs' convergence. 
We have the same identity for R\ A R 2t m and Ri A R 2 . By difference, we have: 

W i?l,nAi? 2 , m (-R) - URlAR 2 ,m( R ) + ^RlAR 2 ,m( R ) ~ ^RlAR 2 (R) = 

U Rx>n (R 2 , m A R) - U Rl (R 2 , m A R) - U Rln (R 2jTn A uo T ) + U Rl (R 2>m A u r ) 
+U R ^ m (R 1 A R) - U R2 {R 1 A R) - U R2tm (R, A u r ) + Ur 2 {R l A u r ) . 

So: 

^Ri,„AR 2 , m (R) -Ur^rAR) > 

-2a - U Rlin (R 2 , m A uj r ) + U Rl (R 2 , m A of) — U R ^ m (R 1 A of) + Ur 2 (R 1 A 0J r ). 

The last quantity does not depend on R and is uniformly bounded from below: 
the terms with a minus sign are greater than — M since the super-potentials are 
of mean 0, and since R 2 ,m A of converges to R 2 A of in the Hartogs' sense and 
Ur^{R 2 Aoj v ) is finite, we have that U Rl (R 2 ^ m Au r ) and Ur 2 {R\ Au r ) are uniformly 
bounded from below. 

This gives that the constant A„ >m of the lemma is uniformly bounded from 
above in n and m. Now, we can choose A n ^ m going to zero by Proposition I A. 1 . 1 5l 
if not, we can extract subsequences such that A ni>mi > e > and it contradicts 
the fact that Ri >ni A R 2 , mi converges in the Hartogs' sense to Ri A R 2 . □ 
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